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CENTRAL LIMIT THEOREM FOR THE MODULUS OF 
CONTINUITY OF AVERAGES OF OBSERVABLES ON 
TRANSVERSAL FAMILIES OF PIECEWISE EXPANDING 
UNIMODAL MAPS 

AMANDA DE LIMA AND DANIEL SMANIA 


Abstract. Consider a C 2 family of mixing C 4 piecewise expanding unimodal 
maps t E [a, b] ^ ft, with a critical point c, that is transversal to the topolog¬ 
ical classes of such maps. Given a Lipchitz observable (/> consider the function 


O) = iim 

n—hex 

We show that 

m E [a, b]: t + h E [a, b] and 
converges to 


(t) = ! <j> dfi t 
; in 

° ft - I Wnt) 


where fit is the unique absolutely continuous invariant probability of ft. Sup¬ 
pose that at > 0 for every t E [a, b\, where 


/( 


E n—l 
3=0 


\fn 


dfit- 


#(t)y-io g |h| 


TZ^it + h) - 

h ) 


< y 


l n 

\/2n 7 -, 


2 ds, 


where \I '(t) is a dynamically defined function and m is the Lebesgue measure 
on [a, b], normalized in such way that m([a, fe]) = 1. As a consequence we 
show that 'JZ /p is not a Lipchitz function on any subset of [a, b] with positive 
Lebesgue measure. 
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1. Introduction and statement of the main results 


Let ft be a smooth family of (piecewise) smooth maps on a manifold M , and 
let us suppose that for each f t there is a physical (or SBR) probability pt on M. 
Given an observable <f> : M —> R, we can ask if the function 


M : [0,1] —t R 

t i—>• / </> dp t 

is differentiable and if we can find an explicit formula for its derivative. The study 
of this question is the so called linear response problem. 

D. Ruelle showed that IZ^ is differentiable and also gave the formula for 7 Z^', in 
the case of smooth uniformly hyperbolic dynamical systems (see Ruelle in [16] and 
[ j, and Baladi and Smania in [ ] for more details). 

In the setting of smooth families of piecewise expanding unimodal maps, Baladi 
and Smania (see [2]) proved that if we have a C 2 family of piecewise expanding 
unimodal maps of class C 3 , then 7Z$ is differentiable in tg, with <f> £ C 1+ilp , 
provided that the family f t is tangent to the topological class of ft 0 at t = to. It 
turns out that the family s K► f s is tangent to the topological class of ft at the 
parameter t if and only if 




Vt(ftHc)) 

k—0 


DfHMc)) 


= 0, 


where v t = d s f s \ s — t and M t is either the period of the critical point c if c is periodic, 
or oo, otherwise (see [3]). Now, let us consider a C 2 family of piecewise expanding 
unimodal maps of class C 4 that is transversal to the topological classes of piecewise 
unimodal maps, that is 


(1) 


M t -1 


k—0 


Vt(fH c )) 

DfHMc)) 


7^0 


for every t. 

Baladi and Smania, [2] and [5], proved that 7is not differentiable, for most of 
the parameters t, even if <f> is quite regular. One can ask what is the regularity of 
the function 7 Z$ in this case. We know from Keller [9] (see also Mazzolena [ i ]) 
that TZ,/, has modulus of continuity |h|(log(l/|7i|) + 1). 

We will show the Central Limit Theorem for the modulus of continuity of the 
function 1Z$ where <f> is a lipschitzian observable. Let 


°t = of (<t>) 



E"=o (</» ° ft ~ I 

\fn 


2 


d/J. t 7^ 0. 


Let 1 1 —► ft be a C 2 family of C A piecewise expanding unimodal maps. Note that 
each ft has a unique absolutely continuous invariant probability pt = ptni, where 
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its density pt has bounded variation. Let 

(2) L t = J log \Df t \ dp t > 0, i t = ~^=. 

Indeed pt is continuous except on the forward orbit // (c) of the critical point 
(see Baladi [ ]). Let St be the jump of p t at the critical value, that is 


( 3 ) 

X- 

Theorem 1.1. Let 


St = lim pt(x) — lim pt(x) = lim pt{x) > 0. 

x-tf t (c)+ ®->/ t (c)- 


t £ [a, b] ft, 

be a transversal C 2 family of mixing C 4 piecewise expanding unimodal maps 

f t : [0,1] ^ [0,1]. 

If (f> is a lipschitzian observable satisfying at ^ 0 for every t £ [a, b ], then for every 
y € R 

( 4 ) 


lim to It £ [a, 61: t + h £ [a, 61 and 

h^O | ' 

converges to 


1 


tf(i)V-logW 


TZ<j,(t + h) — IZ^ft) 
h 


< y 


\/27T J-c 


e 2 ds , 


where 


4 '(t) = a t S t J t lf 

and to is the Lebesgue measure normalized in such way that m([o, b ]) = 1. 

Corollary 1.2. Under the same assumptions above, the function TZ$ is not a lip¬ 
schitzian function on any subset of [a, b] with positive Lebesgue measure. 

The proof of Corollary 1.2 will be given in the last section as a consequence of a 
stronger result (Corollary 9.1). 

2. Families of piecewise expanding unimodal maps 

We begin this section by setting the one-parameter family of piecewise expanding 
unimodal maps. 

Definition 2.1. A piecewise expanding C r unimodal map / : [0,1] [0,1] is a 

continuous map with a critical point c £ (0,1), /(0) = /(1) = 0 and such that 
/|[o,c] and /|[ C)1] are C r and 

1 < 1 . 


Df __ 

We say that / is mixing if / is topologically mixing on the interval [/ 2 (c), /(c)]. 
For instance, if 

inf |D/(a;)| > y/2 

X 

then / is not renormalisable. In particular / is topologically mixing on ]/ 2 (c), /(c)]. 

We can see the set of all C r piecewise expanding unimodal maps that share 
the same critical point c £ (0,1) as a convex subset of the affine subspace {/ £ 
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B r : /(0) = /(1)} of the Banach space B r of all continuous functions /: [0,1] -> R 
that are C r on the intervals [0, c] and [c, 1], with the norm 

\f\r = | /1 oo + |/| [0,c] \c r + |/| [c,l] |c r ■ 

Let ft : [0,1] -A [0,1], f € [a, b] be a one-parameter family of piecewise expanding 
C 4 unimodal maps. We assume 

(1) For all t £ [a, b\ the critical point of ft is c. 

(2) The maps f t are uniformly expanding, that is, there exist constants 1 < 
A < A < oo such that for all t £ [a, 6], 

< j and | Df t \ x < A. 

(3) The map 

t £ [a, &] e-> f t £ i? 4 

is of class C 2 . 

Each ft admits a unique absolutely continuous invariant probability measure p t 
and its density pt has bounded variation (see [12]). By Keller (see [9]), 

(5) \p t+h -p t \ L i <C\h\(log-^ + 1). 

3. Good transversal families 

It turns out that we can cut the parameter interval of a transversal family f t 
in smaller intervals in such way that the family, when restricted to each one of 
those intervals satisfies stronger assumptions. Here, we introduce the notation of 
partitions following Schnellmann in [19]. Let us denote by K(t) = [//(c), /t(c)] the 
support of p t . 

Let Vj(t ), j > 1 be the partition on the dynamical interval composed by the 
maximal open intervals of smooth monotonicity for the map ff : K(t) —> K(t ), 
where t is a fixed parameter value. Therefore, Vj(t) is the set of open intervals 
w C K(t) such that // : w —> K(t) is C 4 and w is maximal. 

We can also define analogous partitions on the parameter interval [a, b\. Let 

x 0 ■ [a, b\ —» [0,1] 
t 1 —* /t(c) 

be a C 2 map from the parameter interval into the dynamical interval. We will 
denote by 

Xj(t) ■= fi{x 0 (t)), 

j > 0, the orbit of the point xq( t) under the map ft- 

Consider a interval J C [a, b ]. Let us denote by Vj\J, j > 1, the partition on the 
parameter interval composed by all open intervals ui in J such that Xi(t) ^ c, for 
all i satisfying 0 < i < j, that is 

fl(x 0 {t)) = /t +1 (c) ± c, 

for all t £ u>, and such that to is maximal, that is, if s £ did , then there exists 
0 < i < j such that Xt(s) = c. 

The intervals w £ Vj are also called cylinders. 


1 

Wt 
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We quote almost verbatim the definition of the Banach spaces V a given in [ ]. 

The spaces V a were introduced by Keller [Id], Let m be the Lesbegue measure on 
the interval [0,1] 

Definition 3.1. (Banach space V a ) For every ip: [0,1] — >• R. be a function in 
L 1 (m) and 7 > 0, we can define 

osc {ip,-y,x) = ess sup ^| (a: _ 7iX+7 ) - ess inf V’|(x- 7 ,x+ 7 )- 

Given A > 0 and 0 < a < 1 denote 

1 f 1 

\lp\a= sup — / OSC (ip, 7) x)dx. 
o< 7 <a 7 Jo 

The Banach space V a is the set of all ip £ Lffm) such that \ip\ a < 00, endowed 
with the norm 

I HU = IV’U + IV’hi • 

We quote almost verbatim the definition of the almost sure invariant principle 
given in [19]. 


Definition 3.2. Given a sequence of functions & on a probability space, we say 
that it satisfies the almost sure invariance principle (ASIP), with exponent 
k < 1/2 if one can construct a new probability space that has a sequence of functions 
<Tj, i > 1 and a representation of the Weiner process W satisfying 


• We have 


2=1 


0{n K ), 


almost surely as n —> 00. 

• The sequences {cq}i> 1 and {£i}i>i have identical distributions. 


A piecewise expanding C r unimodal map / is good if either c is not a periodic 
point of / or 

liminf \Df p (x)\ > 2. 

X—tc 

where p > 2 is the prime period of c (see [2] and [3] for more details). 


Definition 3.3. A C 2 transversal (see equation (1)) family of good mixing C 4 
piecewise expanding unimodal maps ft, t £ [c, d] is a good transversal family if 
we can extend this family to a C 2 transversal family of good mixing C 4 piecewise 
expanding unimodal maps ft, t £ [c — 6, d + 5], for some 5 > 0, with the following 
properties 

(I) There exists jo > 0 with the following property. For every t £ [c, d] and for 
each j > jo there exists a neighborhood V of t such that for all t' £ V\{f} 
and all 0 < i < j, we have fp{c) 7^ c. In particular the one-sided limits 


dt>f J M 


lim - 1 '[ v y ' - and 


lim 
t r —yt 


dt'f},{c) 

fi- 1 ! 


n- ur™ - - Dft~ Ut'{c)) 

exist for every j > jo, and there is C > 1 so that 


lim 


dt'fi'(c) 


t^t + D ,fir 1 {f t , (c)) 


<C, 


( 6 ) 


1 

— < 

C ~ 
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and 


(7) 


1 

— < 

C ~ 


lim 

t f —yt 


dt'ftjc) 

d fir 1 (Me)) 


<c , 


for all j > jo and t G [c — S, d + <5]. 

(II) The map ft is mixing and there are constants 6 > 0, L > 1 and 0 < /3 < 1 
such that for all ip G V a 

( 8 ) [C?tl>[ a <L0 n W\ a + L\1>\ L i, 

for all t G [c — S, d + <5]. Here £ t is the Ruelle-Perron-Frobenious operator 
of ft given by 

ic, * ){x)= 

Jt{y)=x 


(III) There is 5 > 0 such that for every ( > 0 there is a constant C satisfying 


E 

UJdi'Pn | [a — < 5 , 6 +< 5 ] 



< Ce n ' 


for all n > 1 . 

(IV) For all <p G V a such that at(ip) > 0 the functions & : [c — <5, d + <5] — > R 
i > 1 , dehned by 

&(*) = (v(ft +1 ( c )) - J Pdfaj 

satisfy the ASIP for every exponent 7 > 2/5. 

(V) There are positive constants Cj, C 2 , C 3 , C 4 , C 5 , Cq and f3 G (0,1) such that 
for every t £ \c—8, d+5] and its respective density p t of the unique absolutely 
continuous invariant probability of f t 

Ai. The Perron-Frobenious operator Ct satisfies the Lasota-Yorke inequal¬ 
ity in the space of bounded variation functions 

l^t<A |bv < Cef3 k \(/)\Bv + C l 5|(j| i i( m ). 

A 2 . We have p t G BV and \pt\BV < Ci- 

A 3 . We have p' t G BV and \p't\sv < C'l- Moreover 


( 9 ) 


nx Mt — 1 

pt(x)= p't(u)du+ V s k m fHc) ( X ) 
J ° fe =1 


where H a {x ) = 0 if x < a and H a {x) = — 1 if x > a, 


Si(t) 


Pt(c ) 

\D.ft(c-)\ 


Pt(c) 

\Dft(c+)\ 


and 

Sk(t) 

Note that S t = Si(t). 


si(t) 
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A 4 . We have p " £ BV and \p"\bv < C 3 . Moreover 


px M t — 1 

Pt( x ) = / p"(u)du + s'kitfHfnc) 

Jo k =1 


i x ), 


where 


I 4 C 0 I < 


c 4 


l^/t X (/t(c))| 


(VI) Let jo > 0 be the constant given by condition (I). For all i,j satisfying 
0 <i,j< j 0 and t £ [c, d], such that t + h £ [c — <5, d + d] we have 

c ^ 

where / t . ? (t, d) is the smallest interval that contains the set 


/r J+ »> n +h ° /r w#* ° //(c)}. 


Remark 3.4. Conditions (I), (II) and (III) are exactly those that appears in 
Schnellmann [ ], with obvious cosmetic modifications. 


Remark 3.5. If f t is a good transversal family then of course Eq. (4) converges 
to 

1 


s/Tk J -c 


e 2 d s 


if and only if 


( 10 ) 


lim m < t £ [a, b]: 


7i->0 

converges to it as well. 


lo S 1*1 V 


f Tl^it + h) - 7 Z^[t) 

1 h 


< v, 


Proposition 3.6. Let f t , t £ [as, fr], be a transversal C 2 family of mixing C 4 
piecewise expanding unimodal maps. Then there is a countable family of intervals 
[d, di] C [a, b\, i £ A C N, with pairwise disjoint interior and 

m([a,b\ \ (J [ci.di]) = 0 , 

iSA 

such that f t is a good transversal family on each [cj, df\, i £ A. 


Proof. Since f t is transversal, there is just a countable subset Q of parameters 
where f t has a periodic critical point. It is easy to see that the subset Q' C Q of 
parameters t such that f t is not good and it has a periodic critical point is finite, 
so without loss of generality we can assume that all maps f t are good. Consider 
Ll = [a, b\\ (Q U (a, 6}). It follows from the analysis in the proof of [ , Theorem 
4.1] and | , Proposition 3.3] that for every t' £ there exists ei = ei(t') such that 
if [c, d] C (ft' — ei,t' + ei) then the family f t restricted to [c, d] satisfies condition 
( V ). By Schnellmann [19] for every t' £ Ll there exists £2 = £2 {t') such that if 
[c, d] C (ft' — £ 2 , t' + £ 2 ) then the family ft restricted to [c, d] satisfies conditions (/), 
(II), (III) and (IV). 

We claim that for every t' £ Q there is £3 = £3 (t') such that if [c, d] C (f — e 3 , t' + £ 3 ) 
and S > 0 is small enough then the family f t , with t £ [c, d], satisfies condition (VI). 
Indeed, since c is not a periodic point of / t /, there is £3 (t') > 0 such that 

(ID 

77 := min (|/ t I+ 4 + 1 (c) - c| : 0 < j < jo and 0 < i < j 0 ,t £ (t' - e 3 ,t' + £ 3 )} > 0, 
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Since t £ \t' — 63 / 2 , t' + £ 3 / 2 ] i-a f t is a C 2 family the map 

(t,h)^f t+h (f?(c)) 

is continuous for every 0 < i < jo and every j satisfying 0 < j < jo- Therefore 
there is 71 := 71 (i,j) < £ 3/2 such that, if \h\ < 71 and t £ \t' — £ 3 / 2 , t' + £ 3 / 2 ], then 

and 

for all 0 < j < jo and 0 < i < jo- Let 7 := min {71 (i,j) : 0 < j < jo and 0 < i < 
jo}- In particular if \h\ < 71 and t £ [t' — £ 3 / 2 , t' + £ 3 / 2 ] then c ^ I t , 3 (t. h) for all 
0 < j < jo, 0 < i < jo- 

Let £ 4 (t') = min{£i(t'), e 2 (t / ), 7}. Consider the family T of intervals [c,d\ C [a, 6 ] 
such that [c, d] C (t' — £4 + £ 4 (t')) for some t' £ 12. By the Vitali’s covering 
theorem there exists a countable family of intervals [ci,di] C [a, b\, [cj,dj] £ J -, 
* £ A C N, with pairwise disjoint interior and 

m([a,b\ \ (J [ci,di\) = m(fl \ (J [cj,dj]) = 0. 

A ieA 

□ 


We will also need 


Lemma 3.7. Let 

t £ [a, b] f t 

be a good transversal C 2 family of good and mixing C 4 piecewise expanding unimodal 
maps 

f t : [ 0 , 1 ] ^ [ 0 , 1 ]. 

If (j) is a lipschitzian observable satisfying <j t 0 for every t £ [a, b\ then 
J_= inf \J{ft,v t )\, g_= inf <r t (</>), s= inf St, 1= inf i t , 

£E[a,6] t£[a,b] t€.[a,b] 

are positive, where St and £ t nre as defined in Eqs. (3) and (2) respectively. More¬ 
over J(ft., Vt) does not changes signs for t £ [a, b\. In particular the function 

t —> = otStJtit 

does not change signs for t £ [a, b} and satisfies 

inf |T(f)| > 0. 


Proof. The function 

t J(f t ,v t ) 

is not continuous in a transversal family (see [3]). Indeed, its points of discontinuity 
lie on the parameters t where the critical point c is periodic for f t , where this 
function have one-sided limits. However, in [3], Baladi and Smania showed that if 
v n converges to v and /„ converges to /, then if J{f n ,v n ) —► 0 when n —> 00 we 
have J{f,v) = 0 and if J(f,v) ^ 0 then J(f n ,v n ) has the same sign that J{f,v) 
for n large. From this it follows that J > 0 and that J{ft,vt) does not changes 
signs for t £ [a, b\. In [ 9], Schnellmann proved that i ep is Holder continuous. 
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Therefore, a > 0. Note that St = Si(t) > 0 everywhere, where Si is as defined in 
Eq. (9). Suppose that lim ra si(t„) = 0. Remember that (see [2] and [I]), 

Mtn ~ 1 si(t ) 

(12) Pt„ = Pabs,t„ + Psal,t n = Pabs,t n + n rk-1 7 f / \\ H ft n (c) 

k=l Utn\ c )) 

where p a bs,t n is absolutely continuous, (/5a6s,t n ) , has bounded variation and 

(13) \{Pabs,t n )'\BV < C. 

Taking a subsequence, if necessary, we can assume that lim„ t n = t and that p trl 
converges in T 1 (to) to p t . But if lim„ .Si (t n ) = 0 then by Eqs. (12) and (13) we 
conclude that pt is a continuous function. But this is absurd since si(t) ^ 0 for 
every t. □ 


Remark 3.8. As an example, we have the family of tent maps defined by 

ft(x) = 


tx, if x < 1 / 2 , 
t — tx, if x > 1 / 2 , 


t £ (1, 2). Tsujii [20] show that the family of tent maps satisfies 

J(ft o ,d t f t \t=to)^0 


at every parameter to where ft 0 has a periodic turning point. So the restriction of 
this family to a small neighborhood of such parameter to is a transversal family. 
We can observe that, since f t is a piecewise linear map for all t, the density p t is 
purely a saltus function. 


4. Decomposition of the Newton quotient for good families 

In this section we will assume that f t is a good family. In order to prove Theorem 
1.1 we will decompose the quotient 

(t + h) — 72.0(f) 

h 

in two parts which will be called the Wild part and the Tame part of the decompo¬ 
sition. 

Definition 4.1. Let g : [0, 1] —> R be a function of bounded variation and t £ [a, b]. 
We define the projection 

n t : BV —» BV 

9 1 —> g- Ptf gdm. 

Indeed II t is also a well defined operator in L 1 (m) and 

sup |IL| w < oo and sup |n t | L i( m) < oo. 

A function g £ L 1 (m) belongs to II t (RE) if and only if f g dm = 0. In particular 
the operator (/ —£ t ) _1 is well defined on II t (73V).We are going to use the following 
observation quite often. If f g dm = 0, and 

OO 

9 = 

2 — 0 
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with gi £ BV and the convergence of the series is in the BV norm, then 

OO 

(I - Ct)~ l g = - AT'lMsi). 

*=o 


Note also that 


n t o£ t _ £ t on t . 


Proposition 4.2. Assume that f t is a family of piecewise expanding unimodal 
maps as defined in section 2 and let be the Perron-Frobenius operator. Then 


Pt+h ~ Pt 

h 


(I-Ct+hY 


~i (£t+h(pt) — £t(pt) 


Proof. Note that (J — Ct) 1 is well defined in II t(BV) and is given by 

OO 

(i-jr t r\p)=^24(p), 

i—0 

for every p £ lit (BP). Therefore, the result follows as an immediate consequence 
of the identity 

(I — £-t+h){Pt+h ~ Pt) = (I ~ £-t+h){Pt) ~~ (I ~ £-t){Pt)- 

□ 


Proposition 4.3. Let f t be a C 2 family of good mixing C' 4 piecewise expanding 
unimodal maps that satisfies property (V) in Definition 3.3. There exists C > 0 
with the following property. For every t £ [a, b\ such that the critical point of f t is 
not periodic, we can decompose 

c, + „M-c,M =ih + n 

h 

where 

1 OO 

s k+i(t)U t+h (H ft+hU K {c)) - H ft(f k {c) ^j 

fc=o 

and rh satifi.es 

/ rhdm = 0 and sup \rh\ BV < C. 

h^o 

We will prove Proposition 4.3 in Section 8. We will call W(t, h) = (I—C t+ h)~ 1 ^h 
the Wild part and (/— Ct+h)~ 1 Th will be called the Tame part of the decomposition. 
Note that 


+ fy) —_ J dm + J (j)(I - C t+ h) 1 rn dm. 

Definition 4.4. Given h ^ 0 and t £ [0,1], let N := N(t , h) be the unique integer 
such that 

(14) \Df t N+ 1 (f t (c))\ ~ N < \Df t N (f t (c))\- 

There is some ambiguity in the definition of N(t, h) when / f fc (c) = c for some k > 0. 
But since the family is transversal, there exists just a countable number of such 
parameters (see [3]). 
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Given a£l define 


|_aj = max{fc £ Z: a > k}. 


The following proposition gives us a control on the orbit of the critical point. 


Proposition 4.5. For large K, > 0 and every 7 > 0 there exists S > 0 such that for 
every small ho there are sets T^, h C I = [a, b], with T^, h C T^ o , for every 
h' satisfying 0 < h' < ho, with the following properties 

A. limv-u) = m(T s ho ) > 1 - 7 . 

B. If t £ T s h , hg and \h\ < h' then there exists No(t,h) such that 

(15) l^\ogN(t,h)\<N(t,h)-N 3 (t,h)<C 5 lClogN(t,h) 
and 

(16) c I itj 

for all 0 < j < Ns(t, h) and 0 < i < N^ft, h) — j, where Iij is the smallest 
interval that contains the set 

i/^ + 1 (c), fi +j+1 (c)ji +h o ft\c),fixi o //(c)} 

C. For every t £ T^, hg the critical point of ft is not periodic. 

D. IfO<h<h'< h 0 then T 5 h , ho c T| , 

where m is the normalized Lebesgue measure on I = [a, b\. 


We will prove Proposition 4.5 in Section 6 . The following proposition is one of the 
most important results in this work. It relates the Birkhoff sum of the observable 
</> with the Wild part. This fact will allow us to use the almost sure invariance 
principle obtained by Schnellmann [ |. 


Proposition 4.6. Let f t be a good transversal family. Let <f> : [0,1] —> R be a 
lipschitzian observable. Ift£T 5 hhfJ , where T^ hg is the set given by Proposition f.5, 
then 


N 3 (t,h) 

<j>W(t,h)dm = si(t)J(f t ,v t ) ^2 

j=0 


</>(// (c)) - / <fdp t +0 lo g lo g 


\h\ 


We will prove Proposition 4.6 in Section 7. 


Proposition 4.7. Let f t be a good transversal family. Let <f> : [0,1] —> R be a 
lipschitzian observable. Ift£ h , where hg is the set given by Proposition f.5, 
then 


720 (f + h n ) — 72.0(f) 
si(t)J(f t ,v t )h n 


N 3 (t,h n ) 

^ E 

3 =0 


+ 


E ^(/t ( c )) “ J + O ^loglog E 

/,x r! , -t [ ^>(1 - C t+ h)~ 1 r h dm. 

Sl{t)J{ft,V t ) J 


The proof follows directly from Propositions 4.3 and 4.6. 
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5. Proof of the Central Limit Theorem for the modulus of 

CONTINUITY OF 72.0 

To simplify the notation in this section, given a transversal family t K > ft we will 
denote S{ = s{(t ), j( = J(ft,d s f s | s=t ), a{ = Moreover 

L{ = J log \Df t \dfi {, 

where y is the unique absolutely continuous invariant probability of ft, and 


When there are not confusion with respect to which family we are dealing with, we 
will omit / in the notation. 

Lemma 5.1 (Functional Central Limit Theorem). Let ft be a good transversal C 2 
family of C 4 unimodal maps and <Jt(4 >) 7 ^ 0 for every t. For each t £ [a,b] let us 
consider the continuous function 6 1 —>■ X^(9,t), where 

Xn{0 , t) 

= 55 (^(/t fc ( c )) - J </> d ht) + ^ N ^ ^ (<X/t LjveJ (c)) - J $ dm ). 

Considering the normalized Lebesgue measure on t £ [a, b ], for each N the function 
t 1 —y Xpj(-,t) induces a measure on the space of continuous functions and such 
measures converges in distribution to the Wiener measure. We denote Xn —4 at W. 

Proof By Schnellmann [19] we know that the sequence of functions 

&(t) = ^ ^0(/t +1 (c)) - J WVtj 

satisfies the ASIP for every exponent error larger than 2/5. By | L5, Theorem E], 
the ASIP implies the Functional Central Limit Theorem for Xw(0,t). □ 



We are going to need the following 

Proposition 5.2 ([6]). If 
(17) 


V n P , 
tn tj, 

a n 


where L is a positive constant and ( a n ) n is a sequence such that a n 
n —> 00, then 


00 when 


X N 


D 


' N 


w 


implies 

where Y n is 

\y n e\-i 


Y n 4 W, 


;== 55 (^( ft(°)) - [ d ^t) + ^ n6 }-^r^- {<f>Ut Vnel { c )) - f (j> dm), 
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Proof. See [ 6 ], page 152. 

From now on we will denote 

1 r y ,2 

£V(y) = T= / e 2 ds. 

V J —oo 

The following lemma will be used many times 

Lemma 5.3 (A variation of Slutsky’s Theorem). Let A n : [0,1] —> R be functions 
and Ll n C [0,1] be such that 

liminf m(fl n ) >1 — 7 , 

n 

and for every j/SK the sequence 

a n (y) = m(t G f l n : A n (t) < y) 

eventually belongs to 

0{y, e) = (T>jy(y) - e, V Ar {y) + e ), 

that is, there is no = no{y) such that a n {y) G 0(y , e) for every n > no- Then 

A. There exists S > 0 such that if B n : [0,1] —> R is a function such that 

liminf m{t G [0,1]: | B n (t) — 1| < S) > 1 — 7 , 

n 

then the sequence 

b n {y) = m(t G [0,1]: A n (t)B n (t) < y) 
eventually belong to 0(y,e + 37 ). 

B. There exists S > 0 such that if B n : [0,1] —> R is a function such that 

liminf m(t G [0,1]: \B n {t)\ < S) > 1 — 7 , 

n 

then the sequence 

b n {y) = m(t G [0,1]: A n (t) + B n (t) < y) 
eventually belong to 0(y , e + 37 ). 

Proof of A. Define 

d a(v) = {<Gll„: A n (t) < y} 

D n B = {te{ 0,1]: \B n (t) — 11 < <5} 

D n AB (y) = {te [0,1]: A n (t)B n (t)<y} 

Choose <5 > 0 such that 

sup sup \T>jy(y) - Vj^{y(\ - <5'))| < 7 , 
yeR |5'|<5 

and 

sup sup |T>a r(y) - 2?v(z/(l - <5') _1 )l < 7- 

y&M. |5'|<5 

If y > 0 

D n A {{ 1 - S)y) HD n B C D n AB (y) and D AB (y) n D% fl C D n A {{ 1 - S^y), 
Thus, if n is large 

m{D AB {y)) > miD'Zdl - 8)y) <1 D%) 

> m(D A ((l — S)y)) — 7 > — S)y) — e — 7 

P> A r{y) - e - 27 , 


( 18 ) 


> 
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and 


m ( D A B (y)) < m(D AB (y) n D B ) + 7 

< m(D AB (y) (~1 D b (~l i2 n ) + 2j 

< m(D r X(( 1 - 5)~ 1 y)) + 27 < T>m((1 - <5) _1 y) + e + 27 

(19) < Vjsiy) + e + 37, 

and if y < 0 we have 

£>a(( 1 - n^C £>S s (i/) and D n AB (y) n D B fl C £$((1 - %), 

and an analogous analysis as above gives 

™{ D AB{y)) e 0 (j/, e + 37 ). 

Proof of B. Since the proof is is quite similar to the proof of A, we will skip it. 


□ 


□ 


Lemma 5.4. Let 1. 1 —>• f t , t £ [a,b\ be a good transversal C 2 family of C 4 unimodal 
maps. Let ip: [c, d] —> [a, b] be an affine map, ip(c) = a and ip{d) = b and gg = f^p(g) ■ 
For every small enough h ^ 0 we can define 

1 (nt g (e + h)-nt g (9y 


ftg{h,y) = < 9 £ [c,d]: 


<J 9 g £ 9 g S 9 gjjj^- \0g \h\ 


< y 


and 


f 1 flZ^fft + ui) 

Qf(w, y) = < t £ a, b : . . . . = - - - - - 


<y>- 


if 


m(Q g (h, y)) 


m{[c,d}) 

eventually belong to 0(y, 7 ) when h converges to 0 then 

m(n f (rh,y)) 

m([a,b)) 

eventually belong to 0(y, 7 ') when h converges to 0, for every 7 ' > 7 . Here r = if'. 

Proof. It follows easily from Lemma 5.3. A. □ 

Remark 5.5. Lemma 5.4 implies that it is enough to show our main theorem for 
families parametrized by [ 0 , 1 ]. 

Proposition 5.6. For every 7 > 0 there exists Q 1 with the following property. Let 
ft be a good transversal C 2 family of C 4 piecewise expanding unimodal maps with 
a t {4>) ^ 0 for every t and 


Q = sup 

£,t'G[c,d] 

Then for every h small enough we have 


1 - 


L, 


1 


m{[c,d\) 


m it £ [c, d]: 


< Qi. 


H-<j,{t + h) — 'R.'frft) 


a t e t S t Jt^/-log\h\ 


< y 
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belongs to 0 (y , 137). 

Proof. Without loss of generality we assume that [c,d] = [0,1]. It is enough to 
prove the following claim: For every sequence 


0 


and every 7 > 0 , the sequence 
s n = m \ t £ [ 0 , 1 ] : 


^ fc<t>(t + h n ) - < ^ 1 


cr t ttS t Jt\/- log|/i„| V 

eventually belong to the interval 0 {y , 127 ). 

Fix a large K. > 0. By Proposition 4.5, for every 7 > 0 there exist 6 > 0, ho > 0 
and sets T s hM ,T 5 ho C /, with T s h>flQ C T s ho , for every h ± 0 satisfying \h\ < h 0 , such 
that 

A. \im h ^ 0 m(T s hM ) = m(T s ho ) > 1 - 7 . 

B. If t £ r s h ho then there exists N 3 (t, h) such that 


L- log N(t, h )J < N(t, h) - N 3 {t , h) < C 5 IC log N(t, h) 


and 


c i [ft+h° ft + 1 ( c )Jt+l° ft (c)] 
for all 1 < j < N 3 (t, h) and 0 < i < N 3 (t, h) — j. 

For all h ^ 0 and t £ [0,1], define N 4 (t, h) = N 3 (t , h) if t £ ho and \h\ < h 3 , and 
N 4 (t. h ) = N(t, h), otherwise. Therefore, for B we have 

(20) N(t, h) — N 4 (t, h) < C 5 /C log AI(t, h) 

for every (t,h). Since 


\Df t N{t ' h)+ \Mc))\ 


< \ h \ < \ D f^ h \f t {c))\' 


we have 


N(t,h) 


N(t , h ) 




< 


1 


k=1 


N(t,h ) “ N{t,h) 


N(t,h )+1 

£ log|£>/ t (/ t fc (c))|. 


k =1 


By Schnellmann[18], we have for almost every t 


fc =1 


And by Eq. (20) 

we also have 

( 21 ) 


1 r 

1™ M £ lo § \ D Mft( c ))\ = L t= log \Dft\ dm, 
Af->+oo JV f —' J 

= J log \Df t \ dm- 

— log |/i| 


which implies that for almost every t 

r - log |^| 
lim ———— 
h ->0 N(t, h ) 


-log 1^1 < -logN < _ 

N(t,h) ~ N 4 (t,h ) - N(t,h) - C 5 K,\ogN(t,hy 


L t N A (t,h) 

lim ---- = 1 . 


h-> 0 log |/lr| 
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for almost every t £ [0,1]. Fix to £ [0,1] such that Lt 0 = fni%[o.i]ft. Then 


( 22 ) 


L t /L to N 4 (t,h n ) 1 

-log || it 0 ' 


By Lemma 5.1 and Propostion 5.2, 


(23) 


Y n (6,t) 


D 


w, 


where Y n is given in Propostion 5.2 and W is the Wiener measure, with 

V n (t) = N A (t,h n )-± 

L t 0 

Hence, taking 9 = 1 we conclude that 

(24) Y n (l,t) A„AT(0,1), 

where A/”(0,1) denotes the Normal distribution with average zero and variance one. 
Let 

Q = sup 1 - ^ . 
te[o,i] 

Fix a £ (0,1/2). The Levy’s modulus of continuity theorem (see for instance 
Karatzas and Shreve [ ]) implies that for almost every function / with respect to 
the Wiener measure there exists Cf such that 

\f(e')-f(9)\<c f \e'-e\ a 

for all 9', 9 £ [0,1]. In particular there exist H = H("f) and a set 0 7 of a-Holder 
continuous functions in C([0,1],R), whose measure with respect to the Wiener 
measure is larger than 1 — 7 , such that 

\f(9')-f(9)\<H\9'-9\ a . 


In particular for / £ Sl 7 we have 

(25) g m^ i] \f(l)-f(9)\<HQ a , 

Due to Eq. (23), 


liminf m{t £ [0,1]: max |F„(1, t) — Y n (9, i)| < HQ a } > 1 — 7 . 

n 0e[i-Q,i] 

In particular if 

D n = {te [0,1]: \Y n (l, t ) - Y n (^,t) | < 2 HQ a } 

then liminf„ m{D n ) > 1 — 7 . Let us apply Lemma 5.3.B with fl n = D n , A n (t) = 
Y n (l,t) and B n (t) = Y n (^-,t) — Y n ( 1,£). Observe that by Eq.(24) the sequence 
a n (y) defined in Lemma 5.3 eventually belongs to 0(y,e) for all e > 0. Hence, 
taking e = 7 , there exists 8\ = $ 1 ( 7 ) > 0 such that if 2 HQ a <8 we have 

(26) m(t€ [0,1]: Y n fe,t)<y) 

eventually belongs to 0(y, 4y). Choose Qo = Q o 7 > 0 such that if Q < Q 0 then 
2HQ a < Si. Note that 


( 27 ) 



L t (Tty/WJn) 


E 

k—0 
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By Eq. (21) and Lemma 5.3. A, the sequence 

rf — [jV 4 (t,h n )J— 1 

V L t 0 


m{t G [ 0 , 1 ]: 


E (<M/t fc ( c )) - J </> dy t ) < y) 


o t \J~ log | h n | fc=0 

eventually belongs to 0(y, 7y). Applying again Lemma 5.3. A, with 

fj - YNi{t,h n )\-\ 

V L t 0 


A n {t) = 


&t \J log | h n 


E (fiiftic))- j <t> dyt), 

k =0 


= [ 0 , 1 ] and 

B n (t) = 

there exists 62 = ^ 2 ( 7 ) > 0 such that if 



(28) 

for every t then 

m(t S [0,1]: 



- 1 


Lt_ 
L t ’ 


< ^2 


\fLt 




(j t \J-\og\K 


E (^(/t fc ( c )) - / </> d ^t) < y) 

fc= 0 ' 


eventually belong to 0(y, IO 7 ). Choose Q\ = min{Qo, 52 } such that Q <Q\ implies 
Eq. (28). Finally by Propositions 4.6 and 4.7, if 0 < \h n \ < ho and t G T 6 h hg we 
have 


+ h n ) — IZifjit) 

StJt.hn 


N 3 (t,h n ) 


= E 

1=0 

1 

+ Sj~t 


($(ft ( c )) - J <f>dn t ^ + O ^loglog 
J </>(/- C t+ h)~ 1 rh dm. 


Since 


and 


we have 


lo & log lE 


sup |(/ Ht+h) 1 rh\L 1 < 00, 


+ h n ) — 

S t a t Jth n \J- log \h n \ 


1 

<W- log I hn I 


N 3 (t,h n ) 


E 


(${ft (c)) 



+ r(t,h n ), 


lim sup |r(t, h n )| = 0 . 

n tGT 5 

ZkzL h n ,h 0 


where 
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Hence, it is easy to conclude that 
7^(t + h n ) - U^(t) 


S t <J t i t Jth n y/-log\h. 

Na(t,h n ) 


(29) 


1 


(■t°t \J~ l°g I h n 

for every t G h , where 


^(/t ( c )) ~ J + r'(t, h n ), 


\/Lt 


and 


lim sup \r\t, h n )\ = 0. 


ter 


h n ,h q 


Since m{T 5 hM ) > 1— 7 , we can apply Lemma 5.3 (remember that N&(t, h) = N^{t, h) 
for t G h ) to conclude that the sequence 

m(t G [0,1]: ^ + K) ^ 3 A- < y) 

Stcrtit Jth n \j- log \h„\ 

eventually belong to the interval 0{y, 137 ). □ 

Lemma 5.7. Let [ Ci,di] C [a, b], i G A C N, be intervals with pairwise disjoint 
interior and such that 

m([a,b\ \ (J [a,di ]) = 0 . 
ie A 

with t G [ci,di], are good transversal families such that for all i G A and 
y € R we have 


1 


m{[ci,di}) 


mite [Ci,di]: 


1 


crdtStJty/- log |/i| \ 


/7 Z^ft + h)- 

1 h 


— y 1 


eventually belongs to 0(y, r y), then 

mite [a,b ]: t + h G [a,b] and 


1 


i{[a,b ]) 


adtS t Jt^-\og\h\ 


H^(t + h)~ TZ^jt) 


< y 1 


eventually belongs to 0(y ,7 + e), for every e > 0 . 
Proof. Define 

Cl(h, y) = G [a, b]: t + h G [a, b] and 
and 


/ 7 Z^{t + h) — IZ^ftj 
cr t itStJt\/— log \h\ V 


< y 


Cli(h, y) = < t e [Cj, dj]: t + h G [a, 6 ] and 


otitStJty/- log \h\ V 


/ + h) — lZ(f,(t) 

h 


<y} ■ 


Of course f \(h,y) are pairwise disjoint up to a countable set, Qi(h,y) C f l(h,y) 
and 

m(Cl(h, y) \ UA(/b y)) = 0. 

m(Cl(h, y)) = ^2 m(Lli{h, y)). 
ie A 


Then 
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Given e € (0,1), choose io such that 

77 z(U i>io [Ci, c?i]) < em([a,b\). 

For every i < io there exists hi > 0 such that for every \h\ < hi we have 

m(flj(h,y)) 

m([ci,di]) 

belongs to 0(y , 7 + e). Let h = minj<j 0 hi. Let 

Ui 0 {h 1 y) — y), 

and 

W i 0 (h,y) —[( 7 , di\. 

Then for \h\ < h we have 

m(U io (h,y)) _ m{[ci,di\) m(flj(h,y)) 
m{W io (h,y)) ^ m(W io (h,y )) m([a,di]) 

is a convex combination of elements of 0 {y, 7 + e), then it belongs to 0 (y, 7 + e). 
We conclude that 

Pm{v) - 7-2e)ro([a,6]) 

< Pu{y) - 7 - e)(m([a, &]) - em([a, 6])) 

< (^v(y) -7-e)m(M / io(^!/)) 

< m{U io (h,y)) 

< m(VL(h,y)) 

< m{U io (h, y)) + e m([a, &]) 

< pAf(y) + 7 + e)m(W io (h,y)) +em([a,b]) 

(30) < (T>a r(y) + 7 + 2e)m([a, &]). 

□ 


Proof of Theorem 1.1. Remember that 

1 1 —> Li 

is a continuous and positive function on [a, b\. Given 7 > 0, let Q\ > 0 be as in 
Proposition 5.6. Then there are k > 0 and intervals [cj,dj], i < k = k( 7 ), which 
forms a partition T of [a, b] and 

sup |l- <Qi 

t,t'£[ci,di] Tt 

for every i < k. Then the restrictions of the family f t to each one of the intervals 
[a, di\ satisfy the assumptions of Proposition 5.6. Now it remains to apply Lemma 
5.7 to the full family and the partition J-. Since 7 > 0 is arbitrary we completed 
the proof of Theorem 1.1. □ 





20 


AMANDA DE LIMA AND DANIEL SMANIA 


6. Controlling how the orbit of the critical point moves 


The aim of this section is to prove Proposition 4.5. Let us denote by I = [0,1] 
the interval of parameters. 

Remark 6.1. In Schnellmann [19, Lemma 4.4] it is proven that there is Ci > 0 
such that if > 1, \t\ — ^2 1 < 1/-/V and if uq £ T/v^i) and w 2 £ 7/v(i 2 ) have the 
same combinatorics up to the (N — l)-th iteration then 

Df t N Ax r) 


Df t N Jx 2 ) 


<C U 


for all xi £ wi and X 2 £ w 2 . 

We also observe that if x, y £ w £ VN(t), then by the bounded distortion lemma, 
there is C 2 > 0 such that 

Dft (x ) 


Df 3 t {y) 


<C 2 , 


for every j < N. Let 

and let us define 
(31) 


M= sup sup \d t fi(c)\, 
0<j<jo te[a,h] 


C3 = maxIC, M}, 

where C is the constant given by the transversality condition (see Eqs ( 6 ) and (7)) 
and 

C 4 = sup sup |d t / t (a;)|. 
te[o,i] ®e[o,i] 

To prove Proposition 4.5 we will need 
Lemma 6.2. Let A 3 £ N and u> £ Vn 3 be such that 


w < 


1 


dist(t,duj) > (M + l)\h\, 
M > m&x{C\C 3 C 4 , ClC 2 Cl} 


If t £ u) and 

(32) 
where 

(33) 

Then 

(34) c£Iij(t,h) 

for all 0 < j < N 3 and 0 < i < N 3 — j, where Iij(t , h ) is the smallest interval that 
contains the set 

° o //(c)}. 

Proof. Let jo be as defined in condition (!) (see Definition 3.3). If j > jo define 
*i=0 and if 0 < j < jo define i\ = jo- First of all, we observe that if 0 < j < jo 
and 0 < i < jo then Eq. (34) follows from condition (VI). In particular 

(35) c ^ h,j(t , h) for every i < i\. 

Hence, it is left to consider the cases when 

jo < j < N 3 and 0 < * < N 3 — j 
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and 

We claim that 


0 < j < jo and j 0 < i < N 3 - j. 


(36) c ^ l-i x ,j. 

Indeed, if 0 < j < jo, it follows from condition (VI). Now, if jo < j < N$, due to 
condition (/), Eqs. ( 6 ) and (7) the maps 

0 G u) —► fe( c ) G [0,1] 

are diffeomorphisms on their images for every jo < k < N 3 and they do not contain 
the critical point in its image, for all jo < k < IV 3 , 9 £ to. In particular if u> = (si, S 2 ) 
then 


(37) ct{f*(c):0eu J } = (f* 1 (c)J* 2 (c)) 
for every jo < k < N 3 . Therefore, 

c?[f?(c),rt +h (c)}. 

By the Mean Value Theorem and Remark 6.1, for every j < N 3 

\ft + 1 (c)-f 3 t +l(c)\ = \d e f e + 1 (c)\ e = 6 l \\h\ < C 3 \Df£ i (fg 1 (c))\\h\ < C 3 C 3 \Dft(f t (c))\\h\. 

Moreover, 

(38) \ft+h(fl(c)) - ft(fi(c))\ < \dofe(fi(c))\e=e 2 \\h\ < C 4 \h\. 

By assumption, d([t, t + h],dw) > M\h\. Thus, 

(39) |u| > (2M + l)\h\. 


If duj = (si, S 2 } and s € [t, t + h] then 

l/£ +1 (c)-/* +1 (c)| = \def^ +1 (c)\ 0= e 3 \\si-s\ 

> 7! r \Dft(fe 3 (c))\M\h\ 

(40) > -^r\Df!j(f t (c))\M\h\ 
for every k < N 3 . Taking k = j we obtain 

\ft+h(fi(c)) - ft(fi(c))\ < C A \h\<-¥-\h\ 

O1O3 

(41) < J^r\Dfi(f t (c))\\h\ < | fi+\c) // +1 (c)|. 

C/IO3 

Hence, 

(42) \ft+h(ft(c)), ft(fi(c))\ C 


In particular 


c ^ Ioj(t , h) Ii x j(t, h). 

We concluded the proof of our claim. Now fix 0 < j < N 3 . We are going to prove 
by induction on i that, for every i\ < i < N 3 — j, 


(43) 


c i Ii,j(t,h), 
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The case i = i\ follows from Eq. (36). Now suppose that Eq. (43) holds up to 
i. Provided that i > i\, we have i + j + 1 > jo- Therefore, by Eq. (37), with 
k = i + j + 2 , we obtain 

rii + h 1 )+j (ft+H(c)) € (ft 1 )+j+ 1 (c),ft 1 )+j+ 1 (c)). 

And as in Eq. (40) 

(44) |/(j+D+i(/ at ( c )) - f^ h 1 )+j (f t+h (c))\ > ^L-\Df^ h 1 )+j (f t+h (c))\M\h\ 

Moreover by induction assumption and Eq. (35) , we have for every 0 < k < i 

C ^ kk,j (j? ki) 


Thus the points 

ftth ( c ) and /t +1 ( c ) 


have the same combinatorics up to i iterations of the map ft+h- Then by Remark 
6.1 


i fttk(fi +i (c)) - fixiuitlm < c- 2 |d/*^(/^+ i ( C ))||// +i ( C ) - //jjw i 

< C 2 1 Dfi+l (//+[ (c)) 11 do // +1 (c) | e=e t \\h\ 

< C3C21(c))||I>/i(/» 4 (c))||/i| 

< CiC 2 C 3 \Df^l(fk^(c))\\Dfk +h (f t+h (c))\\h\ 

(45) < C 1 C 2 C' 3 | J D/ t ^ 1)+:, '(/ t+ ,(c))||/i| 

and 

ft ( c ) and fi+ h ( c ) 

have the same combinatorics up to i + 1 iterations of the map Then by 

Remark 6.1 


I f (®+i)+i 
Ut+/i 


(//(c))-/, 


(i+l)+l 


(//+/ l (c))ll//( c )-/m( c )l 


< c 2 | j d/S 1)+1 (/^(c))||a e // (c)| e=fl , | \h\ 

< C 2 Cz\Df^ )+ \fi +h {c))\\Dfi; 1 {fe 5 (c))| \\h\ 

< C 1 C 2 C 3 \Df^ + \fi +h (c))\\Df^(f t+h (c))\\h\ 

(46) < Ci C 2 C 3 \Df[ i +h' >+ ^ {ft+h ( c )) 11 ■ 


Since 


c x c 2 c z < 


M 


Eqs. (44), (45) and (46) imply that 


r j-(*+1)+1 
\Jt+h 


(//(c)), fttUf 


(c))} c (ft 1 )+J+ 1 (c)Jt 1]+j+1 


(c)). 


In particular, c ^ h ) for all 0 < j < N$ and i\ < i < A 3 — j. 


□ 


To prove Proposition 4.5 we need to show that, for each given h ^ 0, for most of 
the parameters t £ [0,1] we can find a cylinder w £ 'Pjv r 3 (t,/i) where [f,f + fi] is deep 
inside w (see Eq. (32) ) and moreover Ns(t,h) satisfies Eq. (15). To this end, for 
most t we will find w, with t £ to, in such way that |w| is quite large with respect to 
\h\ and N 3 (t,h) satisfies Eq. (15), but not necessarily the whole interval [t,t + h] 
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is deep inside oj. Then we will use a simple argument to conclude that for most of 
the parameters t this indeed occurs. 

Let Vj be the partition of level j > jo. Observe that for each cylinder w £ Vj 

1 


J = 


+ 1 . 


M < C 3 (j 

where C 3 is the constant given by Eq. (31). 

Let N > 1 and define j = j ( N ) as 

log(C 3 N) 
log A 

Note that the cylinders of Vj divide the interval of parameters / in subintervals of 
length shorter than 1/N. Let J be one of these intervals in Vj. And we will denote 
by f/j the right boundary point of J. 

Observe that, by defintion, there is an integer i, 0 < i < j such that 

Xi(t R ) = r t +\c) = c. 

Fix an integer r such that 2 1 / r < vX 

Definition 6.3 (The sets En,j). Let J £ Vj, j = j(N). Let En,j be the family 
of all intervals w £ Vn such that for every k satisfying 

0 <k< 

T 

and for a) satisfying 

w = (a, b) £ V N _i KlogNi+qi with u C w C J, 

where 

q = min{(fc + 1 )r, [/Clog VJ}, 
one of the following statements holds: 

A. For every i satisfying 

iV — [/C log N\+kr<i<N — [K. log N\ + q 

we have 

Xi(a) c. 

B. For every i satisfying 

N — }/C log N\+kT<i<N — log N\ + q 

we have 

Xi{b) ^ c. 

Define 

En = tJ E NtJ . 

JGVj 

Let us denote by |-Ejv| the sum of the lengths of the intervals in this family. 
Given n £ N and w £ V n define 

S t := min{|/*(c) - //(c) |: //(c) ^ //(c) i,j < r.} 
min te jj S t 

Vuj • — 

Notice that ifw Dw then <5^ < 5 U . 


2 
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Let Cl be such that 

\fi(c)-fi(c)\<c L \t- s \ 

for all i < t, s,t G [0,1]. 

Lemma 6.4. There is C > 0 such that the following holds. If Co G Vi, i > jo, with 
|tD| < 1/i and t G ui then 

1 |a:»(w)| 


(47) 


< Iwl < C- 


\Xi\UJ) 


C \Dfi(f t (c))\ ~ '~'-~\DfZ(f t (c)) f 
Moreover, if ui G Vn \ En then there exists i satisfying 

N — L/C log ATJ < i < N 

such that u G u> G Vi and if 

Cl\u>\ < 8q 

then 

\x%{u )| > 8 a, 

and 

1 So, . . „ 1 


(48) 

for every t G ui. 


C \Dfi{f t {c))\ 


< Iwl < C 


\Dft(ft(c))\ 


Proof If t G ui G Vk then by the Mean Value Theorem for some d\ G ui 

l* fc (<5)| = |a 9 / 9 fc+1 (c)| fl=fll ||a)|, 

then 

\Drf{Mc))\\ui\ ^ \Dfg i (fg 1 (c))\\ui\ 


CiCs 


< 


C 3 


< kfc(w)| 


and 


l*fc(w)| < Cs\Df^(f ei (c))\\ui\ < CiC 3 \Dft (ft(c))\\Q\, 
therefore, Eq. (47) holds. Now assume ui G Vn\En • Then there exists k satisfying 

/Clog IV 


0 < k < 


and 


ui = ( a,b ) € VN-[Kio g N\+q, 

where q = min{(fc + 1 )r, [/ClogfVJ}, such that Xi a {a) = c = Xi b (b), where 
N - L/C log N\ + kr < i a ,i b < N - [AC log iVJ + q, 

in particular 

x N-\K\ogN\+q{u) = (fa a ( c ), fb b ( c )), 

where 

0 < n a ,rib < t, with n a nb- 

Thus, 

\ X N— L/C log N j+q (C^) | = |/a“(c) - /r( c )l 

> l/a n “(c)-/; b (c)|-|/r(c)-/ 6 " b (c)| 

(49) > 28a,-C L \a-b\ > fo. 


□ 
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Since Sq > 0 depends only on a fixed finite number of iterations of the family ft, 
it will be easy to give positive lower bounds to it that hold for most of the intervals 
Co. Indeed define 

A^ o ={te [0,1]: for every N > N 0 if t <E to G Pjv-2|.JCiog jvj then 6 U > <5}. 
Note that A s No C A^ +1 . Moreover S' < S implies A^ o D A^ o . 

Lemma 6.5. Given 7 > 0 there exists 5 > 0 such that 

hm |A^r | >1 — 7. 

JV 0 ->oo u 

Proof. Since f t is a transversal family, the set of parameters t such that / t l (c) = 
ft (c) for some i 7 ^ j, with i, j < r + 1 is finite. Let ti,... ,t m be those parameters. 
The function t —> 5t is positive and continuous on 

O=[0,l]\{f 1 ,...,t m }. 

Choose No large enough such that 

#{ca £ P Nq~2 [tC log JV 0 J : w ^ (tl) • • • ) tm} 7 ^ 0} < 2m. 

Thus, 

_ 2 Cm 

|{w £ PNo—2 L/C log iV 0 J : to C 0}\ > 1 — ^j Vo _ 2 |_/c logJVol > ^ ~ A; 
provided Nq is large enough. Let 

6 := -min{(5 w : w £ ^jv- 2 |A:iog JVJ > Co C O}. 

Note that <5 > 0 and 

D |> s pN-2[KlogN\ ■ to C O} 

for every N > N 0 , provided that N 0 is large. □ 

Proposition 6.6. There exist C\, C 2 > 0, that do not depend on 1C, such that for 
every 1C < 1C there exists K = K(1C) > 0 such that 

(50) \E N \< KN d2 ~ 6lK:/ . 

The proof of this proposition follows from 

Lemma 6.7. There exists C\ > 0, that does not depend on 1C, such that for every 
1C < 1C there exists K = K(1C) > 0 such that if J € Pj, j =j(N), and En,j is as 
defined before, then 

(51) \E NtJ \ <KN~^ k ’. 

We will prove Lemma 6.7 later in this section. 

Proof of Proposition 6.6. We have 

E‘n = |^J En,j- 

Since there are at most 2 J cylinders of level j , we have by Lemma 6.7 that there 
exist Ci > 0 and K = K(1C) such that 

/ log(C 3 W) \ - 1282 ; 

IJS’jvI < 21 )KN- GlK = KC£ sX N i5?r- Cl/c . 


(52) 


□ 
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Define 


(53) Djv 0 — {t G [0,1]: MN > N 0 3 uj £ Vn- la: log ATJ \^N—\K log ATJ an d t £ w} . 
Note that fijv 0 C fijv 0 +i- 

Corollary 6.8. If C 2 — C\K < —1 we have 

(54) lim |fijv 0 | = l- 

Nq —^OO 

Proof. Notice that 

°No = n u 

N>Nq ujGVn- l/c log ivj \En- L/C log /vj 


If we choose K! <YZ such that C 2 — C\K! < —1 we have 

\n c N 0 \ = I U U H < E K ( N ~ L/ciogivj)^- 6 ^' 0. 

N>N 0 w£Ejv-pciogivj N>N 0 


□ 


From now on we choose and fix K, > 0 satisfying C 2 — C\1C < — 1. 

Corollary 6.9. For every 7 > 0 there exists S > 0 such that 

lim m(A% (~l Qjv 0 ) > 1 - 7- 

Nq~ too u 

Definition 6.10. Given <5 > 0 and ho > 0, define 

1 ho 

as the set of all parameters t £ [0,1] such that for every h, 0 < \h\ < ho, there 
exists k satisfying 

N(■t, h) — 2 [e log N(t, h)\ < k < N(t, h) — [e log N(t, h) J 

such that if t £ w £ Vk then \xk{&)\ > 6. 

Given t £ F^ o and h ^ 0, let N-iit, h) be the largest k with this property. 

Definition 6.11. Given h and t £ [0,1], define 

(55) N\ (t, h) := N{t, h) - [1C log N(t, h) J, 


and for ho > 0 define 

Ni(ho):= min N^h). 

tei,\h\<h 0 


Since 


lim max --^-- 

N^oote[0,i] \Df t N (f t (c))\ 


= 0, 


we have 


lim Ni(ho) = +00. 

h 0 ^tO 


Lemma 6.12. For every 7 > 0 there exists 6 > 0 such that 
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Proof. By Corollary 6.9 there exist <5 > 0 and Nq such that 

m{ a s No n n No ) >1-7. 

Choose ho such 

N 1 (h 0 )>N 0 . 

Let |/i| < ho- Then 

N(t, h) - L/C log N(t, h) J > Nq. 

If t G A s Nq n f]jv 0 , choosing Co such that t G Co G VN(t,h)-yc\ogN(t,h)l then 

Co £ E N (t,h)-\K\ogN(t,h)\- 

Hence, by Lemma 6.4 there exists k satisfying (here N = N(t, h)) 

N — L/C log JVJ - L/Clog(/V- L/C log ACJ )J <k<N~ L/C log 

such that if t G Co C Co G Vk then 

|x fe (o))| > 8c, > 5 

since t £ A^ o , so that Cl\oo\ < S < Sq. Therefore, T s ho D D LIn 0 - □ 

Definition 6.13. Given ho > 0 and 5 > 0, for every h such that \h\ < ho let A s h ho 
be a covering of T^ o by intervals lo with the following properties 
Pi. There exists t G T^ o such that t G to G pN 2 (t,h)- 
P 2 . If t’ G T S ho and t' Goo then to' C to, where t' Goo' G VN 2 (t',h)- 
P 3 . There does not exist t" G T ^ 0 such that t" G 00" G ’PN 2 (t",h) anc l w § u} "■ 
One can check that one such collection A s h hlt does exist. Indeed, consider the 
covering of T^ o given by 

{w: there exists t G T^ o such that t G to G / Pjv 2 (t,h)}- 

Of course this covering satisfies property Pi. Remove from this covering all intervals 
to that do not satisfy property P 3 . Then the remaining collection is a covering of 
T£ q satisfying properties Pi, P 2 and P 3 . Note also that the distinct intervals in 
A s hh are pairwise disjoint. Indeed, if 00,00' G A s hho , with 00 / 00' and wOu'/U 
then either to C 00' or 00' C to, which is in contradiction with property P 3 . 

We note that 1-4^ J > m(T^), since A s h ho covers T£ q . Here \A s h ho \denotes the 
Lebesgue measure of the union of the intervals in the family A s h h() . 

Lemma 6.14. If ho is small enough there are C 5 > 0 and C& > 0 such that the 
following holds. Given t' G T^ , Jef to be the unique interval in A s hho such that 
t' G 00 . Let t G T£ q be such that t G to G pN 2 (t,h)- Then 

(56) L|!og N(t',h)\ <N(t',h)-N 2 (t,h)<C 5 JClogN(t',h) 

and 

(57) |w| > Co6N(t',h) Kl2 ^\h\. 

Proof. Consider to' such that 

t' Goo' G T > M 2 {t',h)- 

Then by property P 2 we have to' C 00 . Since 

S < \x N2(t ’, h) {oo ')| = \d e f N ^’ h \c)\\ao'\ < C^Df^'^UAc))], 
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it follows that 


(58) 


1 


Cl C 3 \Df^' h \Mc))\ 

Since t, t' £ uj, there is C\ > 1 such that 

1 1 1 

< 


< \u'\ < M < 


CiC 3 




< C u 


Ci \Dfi,{f t ,(c))\ ~ \Dfi(f t (c))\ ~ \DP t ,{f t ,{c))[ 

for every i < N 2 (t, h). Choose C such that 


(59) 

Then 

otherwise 

(5 


S 1 
> 


< 


C\C\ ' 
N 2 (t',h)>N 2 (t,h)-C, 
C!C 3 


C 1 C 3 \Df^ {t '’ h \f t '{c))\ \Df* 2 {t,h \f t (c))\ 

CiC 3 


< 


1 


< 


I Df t 
CiC 3 


N 2 {t,h)-N 2 (t’ ,h) , rN 2 (t' ,h) + l 


(ft 


(c))i m 


N 2 {t',h) 


(Me)) | 


c\ 


X c \Df" 2 {t '' h \f r (c))\' 
which contradicts Eq. (59). In particular 

N{t',h) - N 2 (t,h ) > N(t',h) - N 2 (t',h ) - C 

> [e\ogN(t',h)\ -C 

> L|log N(t',h)\. 

Note that the lower bound holds if ho is small enough. Thus, 

N(t', h) > N 2 (t, h). 

Moreover, 

1 


\h\< 


< 


\Df? {t '' h) (Mc))\ 

1 


1 


I Dtf 


< 


’(f? } (c))\ \Dp, 2[ ’ ’{f t '{c))\ 

Ci 


\ Df N(t’,h)-N 2 (t,h)^N 2 (t,h)+l^ \ D f t N ^ h \f t (c))\ ' 


On the other hand, 


N > 


\Df t N{t ' h)+ 1 {f t {c))\ 


(60) 


> 


1 


1 


\ Df N(t,h)-N 2 (t,h)yN 2 (t,h)+l^ \Dfp^ n, {f t {c))\ 


f N 2 (t,h), 


A' 
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Then 

log\Df" {t, ’ h) - N2{t ’ h) (fP 2{t ’ h)+1 {c))\ - logCi 
< log \ D fK(Lh)-N 2 (t,h)(fN 2 (t,h)+l^\ + log A 

and consequently 

N(t', h) - N 2 (t, h) < C 3 (N(t , h) - N 2 {t , h)) + C 4 - 

In a similar way, we can obtain 

N(t, h) - N 2 (t, h) < C 3 (N(t', h ) - 7V 2 (t, /i)) + Ca, 

where 

c 3 = !^ 

logA 

and 

A _ log Ci 

4 log A ' 

N(t, h) = N(t, h ) - N 2 (t, h ) + IV 2 (t, h ) 

< 2e log 7V(i, /i) + iV(f', /i) 

< _ ^ _ N(t' h ) 

- N(t,h)-2elogN(t,h) K ' 

< 2N(t', h), 

provided that /io is small. Consequently 

N{t', h ) - iV 2 (f, /i) < C 3 (JV(i, A) - lV 2 (t, /i)) + C 4 

< C 3 2LAClogJV(i,/i)J +C 4 

< C 3 2IC log[27V (t', h)\ + C 4 

(61) < C 5 JClogN{t',h). 

Here the last inequality holds if ho is small enough. Moreover, by Eq. (58) 


M > 


(62) 


> 


<5 | D 


CiC 3 |D/,» ( ‘'-‘>(/„(c ) )| C,C 3 


| 0 /" (, '-'‘ ) (/. 4 c))| 




> 


Cl C 3 |D/»<''A>(/,,(c))| - C,c 3 

Hence, we obtain Eq. (57). 

Choose e > 0 such that 

1 

Lemma 6.15. Given M > 0, define 

3<5 _ r 4- . 4- r- .. as 


6 tC log N(t r ,h) , 

A ^ i|/j| = 


15 iV(t',/i) /cl2 J A |/i|. 


CrCgA 


< 1 - e. 


M + 1, 


b /U 0 ,m = {* : * e w e A{ m and dist(t,dw) > \h\}. 

Let hi = (1 — e) l ho . Given h satisfying 0 < \h\ < ho, let 

i{h) = max{i £ N: \h\ < (1 — e) 1 ^ 1 /^}. 


□ 
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For every h > 0 define 


r h,ho — T'ho n ( n ^hi,ho,M)- 


Then 


A. IfO<h<h then T 5 hho C T 5 hho , 

B. We have 

lim m(f^o) = m(T s ho ). 


Proof. Note that 


where 


h—>-0 


• at ^ iog^o 1 *log(l - e) 
mm N( t , h.) > - 1 - , ogA , 

l0g ' W >0 and >0 . 


log A log A 

Therefore, if ho is samall enough, there are K\, K 2 > 0, such that 


min N(t, hf) > K\ + iK 2 . 
t e[o,i] 


Define 


A= u 


UJ. 


oeAt 


If w G A{ tho then there is t £ T^ o such that t £ uj £ pN 2 (t,h)- By Lemma 6.14 

m(u n {B 5 hM ' M ) c ) — m{t' Sw: dist{t',du) < ^~\h\} 

M + 1, 


< 2 - 


1 - e 


■\h\ 


^ 2(M + l)|/i| 

< ——-——— w 


< 


(1 - e)|w| 
2Cq(M + 1) 


(63) _ 

5(1 — e)N(t, h) K 2 
Choose /C large enough such that /ClogA > 2. Then 


M- 


(64) 

In particular 

m(rl 


\ . . . g > c , \ ' 2Cq(M + 1)VX 

E m(A hi n {B s hiMM ) ) < 2^-< 00 . 


2=0 


t=Z8(K 1+ iK 2 ) K ^ 




(65) 


= m(T s ho ) - 

m«n( n B h 

i,h 0 ,M ) ) 



i>i(h) 


> m(T s ho ) - 

E 

m(r 5 ho n (B s hi 

,ho,M ) C ) 





> m ( r h 0 ) - 

E 

m(A hi n (B s h . 

,h 0 ,M) C )- 




lim ^ rn{A hi n (B s h . M M ) c ) = 0. 


Eq. (64) implies that 
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□ 


Proof of Proposition f.5. By Lemma 6.12 for every 7 > 0 there exists <5 > 0 such 
that for every small ho we have 

m ( T h 0 ) >1-7- 

Choose M satisfying Eq. (33). Define 

T h,h 0 = tS hM\Q, 

where ho is the set defined in Lemma 6.15 and Q is the countable set of parame¬ 
ters where ft has a periodic critical point. By Lemma 6.15 Property A. holds. Let 
t' £ r s h h , with \h\ < ho. There exists i > i{h) such that 

h i+ 1 < \h\ < hi, 

where hi = (1 — e) l h 0 . Thus, N{t',h) = N(t',hj), for some j € {i,i + 1}, and 
consequently (t 1 , h) = N 2 (t',hj). Then there exists a unique ui £ A s h . ho and 
t £ T s ho such that t,t' £ u £ VN 2 (t,h)- Moreover, since t' £ B b h , hg M we have 

dist(t',duj) > -j-——hj > (M + l)|h|. 


Define N^{t ', h) = N^{t, h). By Lemma 6.14 we have Eq. (15) holds. By Lemma 
6.2, Eq. (16) holds. 


□ 


6.1. Proof of Lemma 6.7. Let J be the interval as in the statement of Lemma 
6.7. The sets ‘live’ in the parameter space. To estimate its measures we will 
compare them, following [ ], with the measures of similarly defined sets in the 

phase space of the map f tR . 


Definition 6.16 (The sets EN,t R )- Let J = Denote by EN,t R the set of 

all 

V £ Vn^r) 


such that for all k satisfying 


0 < k < 


/Clog IV 

T 


there is not 

where 

such that 


fj £ Pn-[/ clogNj+j(^ r), 
j = min{(fc + 1 )t, [K. logiVJ}, 

f t N R ^° S N i+k r { ~ )GPj - kAtR) 


Using a strategy similar to the one applied in [18], we estimate the measure 
\En,j\ hi terms of the measure \En^ r \- To this end we need to define the map Uj. 
Recall that if J 7 is a family of disjoint intervals then \F\ denotes the sum of the 
measures of the intervals. 






32 


AMANDA DE LIMA AND DANIEL SMANIA 


Definition 6.17 (The map Uj). Let J = Consider the map Uj 

Uj : Vn\j ~> T^n^r) 

defined by Schnellmann [18, proof of Lemma 3.2] in the following way. Let uj £ 
Vn\j and choose t £ uj. Since uj is a cylinder, it follows that Xj(t) 7 ^ c for all 
0 < j < N. Therefore, there is a cylinder uj(xo(t)) in the partition Pjv(t) such that 
x 0 (t) £ uj(x 0 (t)). 

Let 

Uj(u) =U t ' tR ,N{u(xo(t))), 

where Ut,t R ,N ■ Vn^) —> Pn^r) is such that for all 77 £ Pjf(t), the elements 77 and 
Uj(r\) have the same combinatorics. 

symb t (/ t ’(r?)) = symb tR (fl R (Ut,t R ,N(v)), 

for 0 < i < N. Schnellmann [ ] proved that U t ^ R ,N is well defined when f t is 

a family of piecewise expanding unimodal maps satisfying our assumptions. In 
particular, if t < t' and a certain symbolic dynamic appears in the dynamics of f t , 
then it also appears in the dynamics of //. 

Therefore, the cylinder u/ = Uj(uj) = Ut,t R ,N(u(xo(t))) has the same combina¬ 
torics as uj, that is, 

symb(xj(w)) = symb tH (/4(w')), 

when 0 < j < N. Since there are not two cylinders in Pn{Ir) with the same 
combinatorics, the element uj' does not depend on the choice of t £ uj. Therefore, 
Uj is well defined. 

Lemma 6.18. If 10 £ Epj t j, then Uj(uj) £ Ejjj r . Moreover, there exists C' > 1 
such that 


(66) M < C'\Uj(uj)\. 
In particular 

(67) |£a,j| < C'\E N j r \. 


Proof. Note that Uj(oj ) £ Enj r follows from the fact that oj and Uj(u>) have the 
same combinatorics [18]. By [18, Lemma 3.2], there exists a constant C > 1 such 
that 


M < c'\Uj(u})\. 


Thus, 


(68) \E n ,j\< J2 M - E C'\Uj(uj)\<C'\E N j r \. 

UJ€lEn,J LJ£En,J 


□ 


Definition 6.19. For each rf £ pN-\KiogN\(tR), define the set 

Enjr^' = j»y e V N {tR) : £ E N j r and 77 C 7 /j. 

Lemma 6.20. Let rf £ TV-pCiog ivj (ifl)- Then 

~ I /Clog AM , 1 

(69) #E N , tR rf <2l^— J+ 1 . 
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Proof. Define 


Notice that 


k 0 = 


/Clog JV 

T 


N > N - L/C logfVJ + k 0 r > N~t. 

If N = N — [/Clog-ZVJ + fco T define k\ = ko . Otherwise define k\ = ko + 1. For 
every k satisfying 

0 < k < fci, 


define families of intervals E k hr the following way. If k < k 0 define 

(70) 

E k = {fj C rf : fj € V N -iic\ogN\+kT(tR) and there is 77 g -Ejv,t H , 77 'with 77 C 77 } 
otherwise k = k\ = ko + 1 and 


(71) J r k 1 = Ew,t R , v '■ 

Note that if k\ = ko then we also have E kl = EN,t R ,r)'- We claim that 

(72) #E k < 2 fc . 


We observe that, taking k = k\ in Eq. (72) we obtain Eq. (69). Note that either 
To is the empty set or To = { 77 '}. Then ffEo < 1. Moreover, it is easy to see that 
if fjk+i g E k , with k < fci, then there exists a unique fjk g E k such that 7)fc+i C fjk- 
Therefore, it is enough to show that for each fjk g Ek, with k < k\, there are at 
most two intervals f]k+i g Ek+i such that i)k+i C fjk • Indeed, given k < k\, for 
every fjk g J-fc we have fjk g ^jv-liciog JVJ+fcT(/.R)- Moreover, there is j such that for 
every ij k +i € E k +1 we have 7 ? fc+ i g V N -[k. logN\+j{tR), with kr < j < [/Clog N\, 
and j < kr + r. Note that if the closure of fjk+i = (a, b) is contained in the interior 
of fjk , then for every x g fj k +i we have ff ( x) 7 ^ c, for every p < N — \JC log N\ + kr. 
Furthermore, there are n a ,n b such that 


f?°(a)=c=f%(b), 

where 

TV - L/C log TVJ + kr <n a , n b < N - [K log JVJ + j. 

We conclude that 

^- L 7Clo g 7V J+fc . Wfc+i)ep ._ fcr(iji) _ 

where j — kr < r. Therefore, if 77 C 77 ^+ 1 , with 77 g Pn^r), then 77 ^ En^r,^' an d 
consequently fjk+i & Ek+ 1 - Since there are at most two intervals pN-\iciogN\+j{tR ) 
whose closure is not contained in the interior of fjk, we conclude that there are at 
most two intervals in Ek+i that are contained in fj k . 

□ 


Lemma 6.21. Let rf ,77" g Pjv- 17 c log jvj (/r) such that 

f N- VK^m {rf ) = f N- V K^m {rf , 


Then 


f N-\K log JVJ 

Jt R 


(F'Af,t K ,r)') 


pN-\K log JV J 

Jt R 


( EN,t R ,ri")■ 
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Proof. Let uo' = (y[■ yf) £ Vn^r), with uo' C 77 ', be a cylinder in EN,t R ,ri'- Then 


(73) / t r LW V) C f t N R ~ lKl ° sNi (v') = f t N R ~ mosNi (v"). 

Remember that since uj' £ Vn^r), it follows that for all x £ uj' 

(74) ft R ( x ) P c f° r all 0 < i < N , 

and if y £ duj' , then there exists j, 0 < j < N such that fl R {y) = c. Define 

a, = C~ VK ^ N \y[). 

Then f^ R L^ 10 ®^1 = ( 01 , 02 ) is an open interval and, by Eq. (73), we have 

( 01 , 02 ) C f^ a L ^ 108 W J ( 77 "). Therefore, there is an open interval uo" = {y",y'f) C 77 " 
such that /tH _ l^ 10 ® ^1 (w") = ( 01 , 02 ) with 


_ /■IV— [/C log at J 
«i - 


(4)- 


We claim that uo" is also a cylinder. Indeed, let x £ uj" . Then, since uj" C 17" and 
77 " is a cylinder of level N — [1C log IVJ, it follows that 

ft R ( x ) PP 

for all 1 < i < N — \JC log IVJ. On the other hand, 


rN— |_/C log IVJ / //. -IV-L/CloglVJ 
JtR ) - JtR 


(<A 


and by Eq. (74), we can conclude that / t * ( x) ^ c for all i satisfying N— [1C log IVJ < 
i < N. Therefore, for all x £ uj" , we have fl R (x) ^ c for all 0 < i < N. Now, let 
y" £ duo 2 - Since uo" C 77 ", we have two cases. 


Case 1: y" £ dr]". In this case, there is an integer j, 0 < j < N — [1C log IVJ, such 
that f tR (y") = c. 

Case 2: y" ^ dr]". In this case, f{ R (y") ^ c for all 0 < j < N — [/CloglVJ. Then 
ft R VKl ° sN ^y'!) = a* = /^“ L/ClosArJ (?/') belongs to the interior of ^-^^^( 77 ") = 
/tl L ^ 108 N \ ( 7 y') i Thus, y[ belongs to the interior of 77 ', which implies that there 
exists j such that N — [/C logiVJ < j < N such that f( R {y'i) = ft R {y'i) = c. 

Therefore uo" £ 'Pv(fy). 

By assumption, uo' £ -Efy,t R ,? 7 '- Then for all 0 < k < [ —*° s N j, if 
UJk £ VN-IK log N J+i(fe)(tfl), 

where uo' C cfy C 77 ' and 

j(k) = min{(fc + 1 )r, [/Clog N\}, 
then there is z' k £ duo satisfying 

(75) ft R (4) = c, for some q' k , 0 < q' k < N - [1C iog 1VJ + kr. 

In the same manner as for uo', there exists a unique cylinder ofy £ 'Pjv-peiog N\+j(k)> 

C 77 ", such /^ _LK:logArJ (wfe) = f t N R ~ [,ClosN1 (u k ). Note that uj" C ui k . Let 
z" £ duj k such that 

j.N -|K log TVJ ^ = ^.JV- L/C log IVj ^ 
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If z k £ dr]' 1 then there exists i < N — [/Clog IVJ such that fl R {z k ) = c. Define 
Ik = *• 

If 4 (jL dr]" then z' k £ dr/. Thus, f? R (z' k ) ± c for every q < N - |_/C log N \, which 
implies that 

TV — \JC log N\ < q k < N — [K. log N\ + hr. 

Then ft (40 = f&i4) = c- Define <?'' = q' k . 

In both cases we have 0 < q" < N — |_/C log IVJ + hr, then u>" £ EN,t R ,ri"- 

f N-\K\og,N\ ( p x _ rN-\K\ogN\ ( p x 

Jt R {E N ,t R ,r,") C } tR (E N ,t R ,n ')• 

A similar argument shows that 

z-iV— L/C log N\ / A X f iV-L/ClogiVJ ( p X 

JtR (^ N ,t R ,V') C JtR \E N ,t R ,T]" ) • 

□ 


Proof of Lemma 6. 7. Due to Lemma 6.18 it is enough to show that for every 1C' < K, 
there exists C > 0 and I\ = K(JC') > 0 such that if J £ Vj, j = j(N) then 

(76) \E N , tR \ < KN~ g,c '. 


By Lemma 6.20 we have 


JJEn ,t R ,ri' 


< 2 L™^J+i 


Let us define the set 

n= U ft N R ~ lK ' osNi (E N , tR ^). 

Tj'GVn — L/C log iVJ (^r) 


Note that 


En. 


, tR c fr R iN ~ lKiosNi \ii). 


Therefore, if pt R is the acip for f tR we have 
(77) Pt R {EN,t R ) £ /hii(D). 


In [18, Section 6.2] it is shown that there is C[ > 1 such that for every density p t 
of the unique acip of ft 

^7 < Pt{x) < C[, 
for /i t -almost every x £ [0,1], then 

\E N , tR \<ci 2 \n\. 


Since J £ Vj, j = j(N), there exists an integer p, 0 < p < j such that x p (tn) = 
ft R (ft R {c )) = c. In particular 

#{/t H ( c )}i> o =P+ 1- 

Thus, 

#{/*„ ^ S v' £ ^-[/ciogArj (Lr)} < (p + l) 2 - 
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Therefore, by Lemma 6.21, 

\Eiv,tn\ < C[ 2 \n\ = cf I u^ ePiV _ lKlogWj(tB) C 

'lt R 

J K L R) 

L/C log N\ 


'(Erf)) I 


<C[ 2 (p+ If max 

ii'GVn- l/c log jvj (tR) 


/ \ L^i°givj 

<c[ 2 (p + 1) 2 ^-J #{vcv N (t R )\ K ] 


<C[ 2 (p + If 


2-2 


< cl j 

< Kh 
where K = K(e'). 


log A , 

< KN —~ s 


1 
A 

LKlogWJ 


L/C log JVJ 


2 L ^ J + 1 <cl 2 (p + 1) 


< C'i 


log(C 3 N) 
log A 


1 
A 

LKlogJVJ 


I /C log N | 


□ 


7. Estimates for the Wild part 
We start this section with a technical lemma. 


Lemma 7.1. Given a good transversal family f t there are constants L i and L 2 
such that the following holds. Let p : [0,1] —> KL, \v\L 1 (m) > 0, be a function of 
bounded variation such that 



= 0 . 


Then 

\(I-C t )-\p)\ Ll < (irlog^K+L^ \p\ Ll . 


Proof. Let j > 0 such that 

Msy = Mli • 

And let jo the smallest integer such that jo — 1 < j < jo- Hence, we have 


jo oo 

(/ - c t )-\p) = y, +E 4(4° 

i —0 1=1 

Observing Assumption (V)A\, the fact that \C l t p\sv < L6 1 \v\bv, when f pdm = 0 
with constants L and 6 uniform in £, as well as the elementary facts that IAIli = 1 
and | • \ L i < | • | bv, we see that 

|(J- c t )-\p)W < Oo + l)WW + ^- 9 \4 >\bv 

< Oo + 1 )MzA + I _ Q BV + 

< (ciP 30 + Oo+e 2 )) Mia- 

By the choice of jo, we have the desired estimate. 

□ 
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The following proposition will be quite important to study the Wild part of the 
decomposition. Denote 

supp(^) = {x G [ 0 , 1 ]: 'tp(x) ± 0 }. 


Proposition 7.2. There exist I \, K[ 1 K' 2 > 0 such that the following holds. For all 
i, k > 0 , t £ [ 0 , 1 ] and h^O, let 

Vk,i,h = J^t+h ( H f t+h (fHc )) “ H fdf t k (c))) ■ 

Then 


(78) \^>k,i,h\ L i < K, 

and 

K 

(79) \<Tk,i,h\ BV < j^T- 
Furthermore, 

(80) |(/-£ t+ft ) _ 1 n t+ ^(v 3 fcii)?l )| il < K[max{0,log\ip k ^ h \ BV } + K' 2 . 
Proof. Note that 

I C t+h ( H ft+ h U t k (c)) ~ | L 1 

^ \ H h+ h Uf(c)) ~ H f t {ff(c))\ L l 

(81) < (sup|u t |)|/i|, 

t 

and, by Assumption (V) in Definition 3.3 

|A+/i (7T f t+h (ff(c)) ~ ^ftUH c ))) I BV 

(82) <2C 6 /3 i + C 5 (suplv t l)lhl<C. 


Thus, we have Eqs. (78) and (79). In particular 

\^t+h(T > k,i,h)\L 1 (m) — 2\(ptz,i,h |L 1 (m) ^ 2K, 

and if h is small 

|II t+h(<Pk,i,h)\BV < \Pk,i,h\BV + \<Pk,i,h\BV Sup \pt\BV < C\ifk,i,h\BV, 

t£[ 0 , 1 ] 

where C > 1. 

Now we can easily obtain Eq. (80) applying Lemma 7.1. 

□ 


Proposition 7.3. Let <f> be a Lipchitz function. There exists K > 0 such that the 
following holds. Let t G T^, ho and 0 < \h\ < h'. Then 

(83) vw(—C t+h {jlf t+h (ff( c )) ~ Af*(/ t fc (c))) ) - |^||£j fi(ft +1 (c ))| ’ 

and 

J<)>(x)C\ +h ( X ) dx 

(84) = Hfi +k+1 (c))v t (f t k (c)) + 0(\Dfj:(ft +1 (c))\\h\), 
where 0 < k < N^ft, h ) and i < N^(t, h) — k. 
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Proof. By Eq. (16), the points /^(c), ft+h(fti c ))> belong to the same 

interval of monotonicity of fP h - Let 

Dom(f) Im(f) 


be an inverse branch associated to such interval of monotonicity, that is, £ is a 
diffeomorphism such that fl + h{C,{y)) = y for every y £ Dom(f) and 


{ft+h(c)Jt+h(ft(c)),f t {ft(c))} C Im{ C). 


Hence, 


(85) 


C 


t-\-h 


[ H ft+hUHc)) ~ H Mf t k (c))) 


1 


Dfl +h (C(x)) 


1 Dom(C)(x) (jHft+h(f k (c)) (C( x )) ~ • 


There is a constant K > 1 such that for all t £ [0,1], h , and i, and every interval 
of monotonicity Q of fl +h we have 


1< Dfi+hiv i) 

I< - Dfi +h (y 2 ) 


for all j/i, j /2 € Q- Now we can estimate the variation of the function in Eq. (83) 
using familiar properties of the variation of functions (see Chapter 3 from Viana 
[ ], for instance). 

varjoq] ( £l+h ( H f t+h (f t k (c )) “ 

= -[ 0 , 1 ] (^ Df' t+ l(C(x)) lDom (C)(a: ) 

= var Dom(0 (^—-1^ j sup (j? /t+h( # (c)) - 

+2 S (w^cR) lDom(c)(:c) ) (^ (/ ‘‘ (c)) " 

+ ® 0 U P (d/* +/i (C(x)) lDom( C^) —[Od] (■ H ft+ h (ft k (.c )) - H Mf t k (c ))) 

1 \ 6LT 

< var Dom(C) [ Df i +h(C(x)) J + |D/^(/ t fe + 1 ( C ))|' 
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Now, note that since ( is a diffeomorphism, it follows that 


var Dom(() 


1 


L 


I 

J In 


Im{ C) 


Dfi+bicw), 

i 


D 


DfL h (y) 


= var /m(c) 
dy 

■3-1 f 


1 


D fl+h(y ) 


D 2 f t+h (f J t +h(y)) 


'MO 

< Ki\Im(Q\ < K x 


E—- 

Df t+ J h (f t+h {y)) (Df t+h (fi + h{y)j) 

\Dom(f)\ 


dy 


\DP t+h (f^m 


< 


CK 2 


\Dfi +h (f^(c))\ 
Here we used that 


D 2 f t+h (f££(y)) 


< 


S Df*~i(fi +h {y)) (Df t+h {fi~l 

y, C 

2-^ y< - 


( 86 ) 

and that 

Therefore, 

(87) 


3= 1 

< A\, 


|/?n(C)| < K- 


\i~3 


\Dom(C)\ 


< K- 


\ D ft+ h (ft+h ( C ))I ” IA/W/t + VW)l 


r [0,l] 


(4+fc ( 


H ft+hUt( c )) - H ftU t k (c )))) 


< 


AN 


|^ + ,(/ t fe + \ 1 (c))| 


Finally, by Eq. (16) note that the combinatorics up to i iterations of by 

the map f t +h is the same as the combinatorics up to i iterations of / t fc+ 1 (c) by the 
map ft . By Remark 6.1 we obtain 


( 88 ) 


1 


<Cx- 


1 


\Dp t+h (f^(c))\ - \Dfj:(ft +1 (c))\' 

Eqs. ( 88 ) and (87) give us Eq. (83). Since 

suPP l ( H f t+h UHc)) ~ H MfH c))) = [ ft+h(ft{c))Jt(ft(c ))], 
by Eq. (85) we conclude that 

Zi,k = supp^ (H ft+h{ftHc)) - H ft{fHc)) ) = [ftXKfhc)), fi +h (ft +1 (c))}. 
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By Eq. (16), the points /^(c), ft+h(f?{c)), belong to the same interval 

of monotonicity of fl +h . Hence, 

diam supp -C\ +h (H ft+h{fHc)) - J? /t(/ > (c)) ) 

= diam [/^(/ t fc (c)), f t+h (f t k+1 (c))] 

= \nth(f t k (c))-n +h (ft k+1 (c))\ 

< K\Dfi +h (f t k+ \cmf t+h (ft(c)) ft(ft(c))\ 

< K\Dfi +h (rf+\c))\\ S upv t \\h\ 

t 

< CiK\Dfi(ft + 1 (c))\\swpv t \\h\. 


(89) 

Therefore, 


<t)(x)L\ 


t~\~h 


= 0(/’ +fe+1 (c)) / C\ +h 


H ft+ h (f k (c)) ~ H Mf t k (c)) 


(x) dx 

H f t+h {f?(c)) - 


(x) dx 


(90) + J {<Kx)-<Kfi +k+ 1 {c)))£* +h 

Note that 


H ft+h(ft(c)) - H ft(f k (c)) 


(x) dx. 


Cl 


t-\-h 


H 


ft+ h (f t k (c )) - 


c) dx 


(91) 


H f t+ H(f t k (c)) H Mf t k (c)) ^ dx = Vt (fk( c fi + 0(|/l|). 


Due to Eq (89) and the fact that <j> is a lipschitzian function with Lipschitz constant 
L, and that fl +k+ 1 (c) £ Zi^ 

~ H ft(f t k (c)) ' 


I J (00c) - #/ t <+fc+1 (c))) C\ +h 


< 


>Zi, k 


\<P(x) - ( c ))\\£l+ h 


H f t+h (f k (c)) - H ft(f t k (c)) 


x) dx | 

(a;) I dx 


< LCiK\D (c))\\ sup v t \ 

t 


C 


t-\-h 


H f t+h (f k (c)) - H ft(f k (c)) 


I L 1 


(92) 


< LCiI\\D (c))\\ supu t f |h|. 

t 


□ 


Proof of Proposition f. 6 . Let be as in Proposition 4.3, that is 
= h ^2s k+1 {t)n t+h (H ft+hifk{c)) - H Mf k (c) ^j . 

fc=o 

Given t £ P^ h . Let N${t,h) be as in Proposition 4.5. Since t and h are fixed 
throughout this proof, we will write N 3 instead of Aa(t, h) and N instead of N(t, h). 
Let us divide as follows 


— Si + S’2- 
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Where 


and 


^ n 3 

Sl = hYl s k+i(t)u t+h (h ftJrhU ^ c)) -ff /t(/ fc (c)) ) 


fc =0 


-| uu 

S2= h sfc+i {t)n t+h (h ft+h(f i 


(c)) - H ft{ft(c)) ) ■ 


fe=JV 3 +1 

Let us first estimate iS 2 . 


(/- C t+h )- 1 S 2 = - s k+ 1 {t)(I - Ct+hy^t+h (#/ t+)l (/*( c) ) - ff /t(/ fc (c)) ) . 

fe=^3 + l 

Thus, 

L r _ r , W c~| 


oo ^ 

< ^ l«fe+i(*)l Ct+hY^t+h (Hf t+h ( f *(c)) ~ H MfHc))) 

k=N 3 +1 

By Proposition 7.2 and Lemma 7.1, taking 


L 1 


ip = 


h Ut+ ' 1 ( 


H f t+h (f t k (c )) _ H h(fi(c)) ). 


we have, 


(/ - £i+ h ) ^nt+h ( H f t+h (f*(c )) - H f t (f t k (c ))) 

< Ad log t— r + A " 2 < A'i log A iV+1 + A 2 

N 

< A ' 4 (TV + 1) log A + at 2 < a : 3 n + a 4 . 


L 1 


Therefore, 


|(/-£ t+?1 )- 1 A 2 | il < f; ^ 3 JV + A' 4 )<^+A'6 

fc=AT 3 + l A 


< 


AAV 


+ A ' 6 < I\ 7 h Kli log A (log^) 


I+C 5 /C log A 


XN-C 5 JClogN 

It is left to analyze Si. Applying the operator (/ — Ct+h ) _1 , 


+ AT. 


-j 00 iV 3 

(/ - At+ft) -1 (-Si) = ^ X] s fc+i(*) n i+fc (■ H f t+h (f k (.c )) - H ft(f k {c))) ■ 


Then 


2=0 / c =0 


iv 3 


-i 

(/ - A^r 1 (Si) = - 53 S fc+ i(i) 5] Aj +;i n t+ft (if 

fc —0 2—0 


ft+hUH c )) _ H Mf t k (c)) 


Where 


fc =0 
=£11 + 5 i 2 . 

N 3 -k 


n 3 N 3 -k 

Sn = '£s k+1 (t) J2 T Y +h a t+h (H 


ft +h (ft k (c)) - H ft(ft(c)) 


k—0 


2 — 0 
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and 


N 3 oo ^ 

S12 = Y s k+l(t) Y h C t+h U t+h (H / t+h (/k( c )) - H ft{f k( c)) J 


k—0 

N 3 


i=N 3 — k+l 

1 


— Sfc+i(t)—,Ct+/i o (/ — Ct+h) 1 ° n t+ ^ °A+V‘ (»/,+*(,,‘M> -»/,(/,*(=))) ■ 


fe =0 

We observe that 
n 3 


\S 12 \ l , < C^| Sfe+ 1 (t)||(7 -A +,)- 1 on t+fc 04 -^ (H ft+hifHc)) - H Mfm ) | L1 . 


k=0 


Let 

= 7^*+^ ( H ft+ h (fHc )) - H Mf t k (c ))) > 

By Proposition 7.3 it follows that 


(93) |<Pfc|w = var((fi k ) + \tpk\ L i 

c 

(94) - | t ||i, / »(«)-‘(/y>(c))| + A ’“ 

|I)jf ^ )+1 (/ t ( c ))[ 

' |£)/ JV3(t,/.)-fc (/ fc+l (c))| 

< <71 (/^3^,^+i( c ))11^/fc( /t ( C )))| +/fi 

(95) < cA Ar(t ’' l)+1 - iV3( ‘-' l)+fe + K±. 


By Lemma 7.1 we have 

|(/ - C t +h)~ 1 ° n t + h (tPk)\Li 

= K 7 - ' c i +^) _1 0 n *+/> 0 C t+h L Jl (■ H ft+hUHc )) - H MfH c))) i ^ 1 

< 7T( log((7A jV ^ , ^ +1_iV3 ^’ /l ^ +fc + I\i) + K ' 2 

< K[ \og(K 2 A N{t ' h)+1 ~ N3{t ’ h)+k ) + K ' 2 
<K 3 {N-N 3 +k+l). 


Therefore, 

n 3 

\Si 2 \ l i < K 3 Y\sk+i{t)\(N -N 3 + k + 1) 

k—0 

N 3 -1 /Ns , Ns 1 \ 

<ir 3 (JV-w 3 )E^ + K 3 + 

/c—0 \k=0 k—0 / 

< K 4 JC log iV + I < 5 < K ^log log |i|- + 1^ . 
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We proceed to examine Sn. 


S n = 


N 3 N 3 -k 


£>*+!(*) E C t+h 

k—0 2—0 

s. 




N 3 N 3 -k 

~E sfc + 1(0 E c t+h 

k—0 2=0 


^ pt+h 


H h + hUt(c)) - H Mf t k (c)) 

h 



Sll2 


Note that 


N 3 N 3 — k 

S112 = — E s fc+ 1 ( i ) E Pt+h 

k —0 2=0 




N 3 N 3 — k 

= -E*fc+ i W E ( y t(ft( c ))+°( h ))pt+h- 

k =0 2=0 


dm 


Adding and subtracting the sum 


JV 3 N 3 -k 

E Sfc +i(o E v t(ft(c))p t , 


k—0 2=0 


we obtain 


5n2 — 51121 + 5 h22, 


where 


Sim 


at 3 iv 3 -fc 


E s wW E v t(.ft( c ))pt 

k —0 2=0 


and 


n 3 


n 3 


5ii22 = -(pt+ft, - Pt)^2s k +i(t)(N 3 - k)v t (ft(c)) - 0{h)^2s k +i(t){N 3 - k)p t+h - 


k—0 


k—0 


By Eq. (5) 


|5ii22| L i < /\ 1 SUp|l) t ||/l|log( —) E l s fe+iWI(-^3 - k) 
* k—0 

N 3 

+ \Pt+h\ L i \0(h)\ E |sfc+i(0l(^3 - k) 

k —0 


/ 1 \ 3 1 

< ( K 2 \h\ log — + K 3 \0(h )\) N 3 E Tfe 

' ' fc =0 A 

< K±N (|/i|logE + |0(h)|^ < tflog^L ^llog(^) + |0(h)|) . 
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Therefore, taking cj>: [0,1] — 1 1 a lipschitzian observable, 

J <j){x)W{x) dx = J <t>{x){I - C t+ h)~ l $h(x) dx 
= J <j>(x)(Sm + Sn 2 i)(x) dx + O ^loglog 


n 3 


N 3 -k 


fc=0 
N 3 


i=0 

N 3 -k 


Hf 


= E-*+!(*) E / ( ' I/ ‘ +t(/ ‘ t(c)) , HftUnc)) ) (*) dx 


^ 3 iV 3 -K - / i \ 

E J <Kx)fH(x) dx + O ^loglog— J . 


By Eq. (84) we have 


4>(x)£ 


t-\-h 


H f t+h (f?(c)) - H ft{ft( c )) 


(x) dx 


= <K/t (c)M/*(c)) + 0(|Z?/a/r i (c))IW) 

= <p(ft ( c))vt(ft (c)) +C>( N ). 

l-D/t (/t( c ))l 


Since 


iV 3 


N 3 -k 


2_^s k+1 (t) 2^ °(T7T71v7T77TTr)| 


(96) 

it follows that 


IA/f(/ t (c))| 

/ c—0 x 7 2=0 v 7 


k—0 i=0 

N 3 / -t \ k N 


<f>{x)W{x)dx 
n 3 


Afe— fc / /* \ / I 

= ^2s k+1 (t)v t {ft(c)) E m/t +fc+1 ( c )) - / + O ( log log — 

fc=o 2=0 x */ / V II 

A^S iV 3 + l / n \ / 1 \ 

= J2 s k+i{t)vt{ft{c)) E m/t (c)) - <t> dutj +0 (loglog — j 

fc=0 j=/c+l ^ ^ ' X I ' 7 

JVs+1 / f \ ’ 7_1 / 1 \ 

= E ( c )) - J <t> d d-tj E s fe+i (tfMftic)) + o (^logiog— j. 


3 =1 N “ fc =0 

Adding and subtracting the series 
iV 3 +1 


ez / r \ ' . 

j=i x J J k _j 
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we obtain 


J <f>{x)W{x)dx = Y <t> dVt'j Y Df*(ft{c)) Vt ^*^ 


k=0 
oo 

- Y (^(/t( c )) -1^ d ^t)Y 


3= 

N 3 + l 


3 = 1 


k=j 


DfHMc)) 

Sl(t) 

DfHftic)) 


Vt(f t k (c)) 


II 


+o( io § io s m ) • 


Note that |/i| < oo. Indeed, 


- ^3 + 1 /* OO / 1 \ 

\h\ < Ad Y 4>{ft ( c )) ^ J <t> d dt Y J 

j=l k=j 


- K2 Y ( X) « 

3 =1 


Therefore, 


J f(x)W(x)dx = si{t)J{f t ,v t ) Y^ ft (c)) - J <t> dn^j + O ^loglog 


3= 
N 3 


(97) = si{t)J{ft,vt)Y[^{ft{ c )) ~ j <t> +0 (k>glog-^ . 


□ 


8 . Estimates for the Tame part 


Let v be a signed, finite and borelian measure on [0,1]. Denote by \v\ the 
variation measure of v and by \\v\\ the total variation of v. Define the push-forward 
of v by ft as the borelian measure 

(f;v)(A)=v(f t -\A)). 

Note that for every bounded borelian function g: [0,1] —> R 


/ 

It is also easy to see that 

Suppose that v has the form 
(98) 


9 d{fiv) = J go f t dv. 

\f>\ < fM- 

V = 7TTO + Yj 9x5x, 


ieA 


where tt £ L°°(m) with support on [0,1], to is the Lebesgue measure, A C [0,1] is 
a countable subset, q x £ R, with 

Y \ q x\ < °°> 

xeA 
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and 5 X is the Dirac measure supported on {x}. Then 

M = M m+ Y \Qx\ 4, 


xGA 


IMI = kU^rn) + Y 

xeA 

Furthermore, /*!/ has the form 

ft v = £M)m + Y 1xS ft ( x ). 

IgA 

Proposition 8.1. Let f t be a C 1 family of C 1 piecewise expanding unimodal maps. 
Let v be a signed, finite and borelian measure. Let ip t : [0,1] 4 1, i £ [0,1] be such 
that ipt 6 L°°(y) and t —> ift a lipschitzian function with respect to the L°°[\v\) 
norm, that is, there exists L such that for all t, h we have 


I tpt+h - V’il L°°(v) < L\h\. 


Define 


&t, h (x)=[ df* +h (if t+h u) - [ dff{if t v). 
Jo Jo 

Then there exist positive constants such that 

< (L + K^Mih] 

for all t G [0,1], h, where 

Ki = sup \if t \ L ^^and K 2 = sup \d t f t (x)\. 

t t,X 

Proof. Observe that 

pX pX 

A t>h (x)= dff +h (if t+h v )-/ dff (iptis) 
Jo Jo 


dff +h {ip t +hv) ~ [ dfi +h {if t v) 
Jo 


Ai 


+ [ dfi +h (if t v)- [ dff(if t v). 
Jo Jo 


Therefore, 


|A t) / l (a:)| < |Ai(x)| + |A 2 (ar)|. 

We first estimate Ai. 

|Ai(x)| < J l[ 0 ,x] d\fi +h (ipt+hv ~ iftv)\ < J l[o,x] d(ft +h (\if t +h - ipt\W\)) 
< J l[o.x] ° ft+h\tft+h - 4>t\ d\v\ < \if t+h - ift\ L °°(v)\W\\ < L \W 


In particular 


|Al|z,i( m ) < T||^|||/l|. 
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We now estimate A 2 . 


A 2 (z) = j 1[ 0)X ] dff +h (ip t v) - j 1 [M dft(il> t v) 

= J 1[ 0)X ] O f t+h dtytv) - J 1[ 0)X ] O f t d(ip t v) 

= J ^A+fcdo,*]) “ 1 /r 1 ([0,*])) d (M- 
|A 2 (a:)| < J |l /t -i h([0iX] ) - l/ t - 1 ( [ o,x])IIV't| d\v\ < K x J ll^p,*]) - 1 f~\[ 0 ,x])\ d H 

Ki = sup 


Therefore, 


where 


By the Fubini’s Theorem 


|A 2 | L i (m ; 

) < ^//iVAaM)^) ~ 1 /r 1 ao,x ] )(y)l d M(y) dm(x) 

(99) 

< K if /iV+AiM)^ - 1 / t - 1 ao > x])(y)l dm ( x ) d \ u \(y) 

Note that 

“ 1 /r 1 ([0,x])(2/)l = 

where 


Uy = 

{x e [0,1]: ft+h(y ) < X < ft{y ) or f t (y) <x< f t+h (y)}- 

Observe that 

m(U y ) = \f t+h (y)-f t (y)\<K 2 \h\. 

Thus, 

1 A 2 1 li (m) < K\ J J 1 u y {x ) dm{x) d\v\(y) 

(100) 

< KiKzMlhl 


□ 


Remark 8.2. To avoid a cumbersome notation, in the Proof of Proposition 4.3 we 
will use the following notation. Whenever we take the supremum over all t £ [0,1] 
we actually take the supremum over all t £ [0,1] such that ft do not have a periodic 
critical point. And whenever we take the supremum over all h ^ 0 we indeed mean 
taking the supremum over all h ^ 0 such that 0 < \h\ < <5, where <5 > 0 is given by 
Definition 3.3. 

Proof of Proposition J^.S. We first examine 

-ri^-t+hPt ~ C t pt). 

As we have seen, the density p t can be decomposed as 

Pt — {Pt^abs T (Pt)sai* 

We also have C t +hPt £ BV and 


d^t-\-hPt — (Bt-\-hPt) abs + [Bt+hPt) sal • 
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Therefore, 

( JJ't+hPt Btpt ) ([£'t-\-hPt)abs (J~'tPt)abs') "t" ((^t+hPt)sal tPt)sal ) • 

Let us examine the absolutely continuous term 

~r[i.£'t-\-hPt)abs i,£~ r tPt)abs )• 

h 

Observe that for every t 

{.BtPt){x) — (-^iPi) abs(x) T {£t Pt.) sal(x'). 

Differentiating with respect to x, 

(( Ctpt)ab s y(x ) = ( C t p t )\x) 

= (( CtPt)')abs(x ) + (( C t pt)')sal{x). 


Then 


Similarly 


Therefore, 


(• CtPt)abs{x ) = / ( C t pt)' dm. 

Jo 


(C t p t +h)abs(x) = / ( C t+ hpt)'(y) dm. 

Jo 


( d~'t J rhPt)abs{x ) (d-'tPt.') abs(x) / (JJ't+hPt) ( JJ-t. Pi ) dm 

Jo 

= I (( J-'t+hPt ) )a6s ( {J- J tPt ) )a6s dm 

Jo 

+ / {{Ct+hpt)')sai - ((Apt)')sal dm. 

Jo 


We define 
( 101 ) 
and 
( 102 ) 


At^hi.x') — / ( {J~’t J rhPt) )abs (( J-'tPt ) )a6s dm, 

Jo 

B t ,h(x) = / (( C t +hpt)')sai - (( C t pt)') S ai dm- 

Jo 


Our goal is to prove that 

I 


sup sup 

t£[0,l] 


< oo and sup sup 
bv te[o,i]ft#o 


B. 


t.h 


< OO. 


BV 


Since A t ,h is absolutely continuous, it follows that 


var (A t ,h) 


\ A t,h\dm. 


Hence, to prove that 


it is enough to prove that 


sup sup 
te[o,i] h^to 


At,,h 

— 


< oo, 

BV 


(103) 

sup sup 

A' 

^t,h 

T 

dm < oo and 

sup sup 

At,h 

U 


*<E[0,1] MO 

fl 

L 1 (m) 

te[ o,i] Mo 

fl 
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According to Eq. (101), 

A t,h{x) = (£-t+hPt)abs( X ) ~ {£'tPt.)abs( X )- 

Differentiating (Ct+hPt)', we have, for every h, 

(((£t+hPt)')abs)'{x ) = (C t +hpt)"{x). 
for m-almost every x. In particular 

Kh(v) = C Ct+hPtnv ) - (£tPt)"(y), 

for m-almost every y. and 


(104) 


A 't,hi x ) 


Aw 

Jo 


(. C t pt)" dm. 


As we have seen the Ruelle-Perron-Frobenius operator for ft+h is given by 


(105) 


(£ t+h pt){x) 


E 

ft+h(y)=x 


pt(y ) 

I Dft+h{y)[ 


Differentiating the equation (105) with respect to x we obtain 


(106) 


(Ct+hPtYix) 


E 

ft+h(y)=x 


p't(y) 

Dft+h(y)\Df t+ h{y)\ 


Pt(y)D 2 ft+h{y) 

\Df t+h (y)\ 3 


Now, differentiating the equation (106) with respect to x we obtain 


(C t+h p t )"{x) 


v ( Ptiy) o p' t (y)D 2 ft +h (y) \ 

V \Df t +h{y)\\Dft+h{y)\ 2 \Df t+h (y)\Df t+h (y) 3 J 



Pt(y)D 3 ft+h(y) p t (y)(D 2 ft+h(y)) 2 \ 

I Df t+h (y )I Df t+h (y) 3 \Df t+h (y)\ \Df t+h (y)\* ) 


Observe that we can rewrite ( Ct+hPt)" as follows 


(107) 


(Ct+hPt)" 


£t+h 

£t+h 


P'l 


.\Df t+ h\ 2 J 
PtD 3 ft+h \ 
(■ Dft+h) 3 ) 


— 3£t+h 


+ 3 Ct+h 


( PtD 2 ft+h \ 
\{Df t+h ) 3 J 
( Pt (D*f t+h )* \ 

\ \Dft + h\ 4 )' 


We obtain a similar expression for ( Ctpt)"■ 
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Substituting Eq. (107) into Eq. (104) we obtain 

( Pt 


A' t , h {x) = r 

Jo 


df t 


t-\-h 


\\Dft+h\ 2 


m - dfl 


( Pt 


VI Dft 


-m 


Ai 


df t 


t-\-h 


-Zpf t D 2 f t+h 
(■ Dft+h) 3 


m - / df* 


-MD 2 ft 

{Dft) 3 ‘ 


A 2 


dft+h 


~ PtD 3 ft+h 

{Dft+h) 3 " 


m - / dft 


—p t D 3 f t 
{Dft) 3 


-TO 


^3 

3 MD 2 f t+k ) 2 \ t x f3p,(D 2 f+ 

m ) - L dft {~im^ m 


dft+h 


\Dft+h\ A 


a 4 


Observe that Aj, 1 < * < 4, satisfy the assumptions of Proposition 8.1 and the total 
variation of each one of the measures that appears above has a upper bound that 
depends on the constants in Assumption (V) of Definition 3.3. Therefore, 


sup sup 

IE[0,1] h^O 


AL 


t.h 


< OO 


L 1 (m) 


and, consequently 
(108) 



fA, A 


A' 

sup supvar 

= sup sup 

te[o,i] h^o 

\ h J 

*e [o,i] h^o 

h 


dm < oo. 


L 1 (m) 

It remains to verify that the second part of Eq. (103). Note that 


At,h 

f 

At.h 

f 

r A P {y) dv 

, 

A' 

A t,h 

h 

Lt J 

h 


Jo h dy 


h 


L 1 (m) 


Hence, by Eq. (108), Eq. (103) holds. Hence, we need to show that 

B t h 


sup sup 
te[o,i] o 


< oo. 


BV 


By Eq. (106) and Property (V) in Definition 3.3 we have 

(Ct +h pt)' sa i(x) 

( s'k^Dft+hUfjc))^) _ Sk { t )Dft+h(ft(c )){ X ) „2 r (f k (\) 

h \Dft+h{ft{ c ))\Dft+h(ft{c))\ \Dft+ h {f t k {c ))\ 3 Jt+hWt [ 

dt( C ) , P't{°) \ rr / x 

Df t +h{c ){ x ) 


Dft+h{c—)\Df t +h{c—)\ D f t+h (c+)\D f t +h{c+)\ 
( Pt{c)D 2 ft+ h {c~) p t {c)D 2 f t+h {c+) 


V \Df t +h{c—)\ 3 \Dft+ h (c+)\ 3 

Since for every a € [0,1] we have 


Df t +h{c){ x ) ■ 


H a {x) = [ d{Sa), 

Jo 
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we can write 


/>x 4 

B t ,h{x) = / ^2 Bi{y) dm{y ), 

Jo ;_i 


with functions given by 

B i(x) = [ df* +h 
Jo 


M - / dft 


where 


Df t+h \Df t+h \ V J 0 \Df t \Df t 

OO 

^1 =J2s' k (t){-5 ftk{c) ), 




B 2 (x) = -J o d/* +h ( 


k =1 
2 


£>Vt+/, 

IA/W/.I 3 ' 


^ + / dft 


D 2 f t 
\Dft\ 


7 V 2 


where 


^2 = J2s k (t)(-6 f k [c) ). 


fe=1 


Let if be the constant borelian function if: [0,1] —» R given by 

1 1 


^t(y) = 


+ 


Dft(c-)\Df t (c-)\ Df t (c+)\Df t (c+)\- 


Then 


where 


B 3 (x)= / dft +h {tf t+h v 3 ) - / dft^tvz). 
Jo Jo 


V 3 = -p't{c)5 c . 

Let ’ll) be the constant borelian function ib: [0,11 —>• M. given by 


then 


Here 


\Df t (c-)\* \Df t (c+)r 

pX pX 

B 4 (x) = - dft +h (2f t +hvf) + / dff^tVi). 


va = -pt(c)6 c . 

We can apply Proposition 8.1 on each one of the pairs Moreover, by 

property (V) of Definition 3.3 there is a upper bound for the total variation of the 
measures Ui, i = 1,2, 3,4, that holds for every t £ [0,1]. Hence, 

Bi 

h 


sup sup 
te[0,l] M0 


< OO, 


and consequently 


sup supvar 
te[o,i] MO 


L 1 (m) 
Bt.h 


< 00 . 


B, 


t.h 


L 1 


B, 


t.h 


dm = 


Bi(y) 

z^^r d y 


dm < 


I Bi_ I 

I ^ I L!(m) ’ 


Since 
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we obtain 


sup sup 
te[o,i] hjt o 


B t ,h 

h 


< 00 . 

BV 


Therefore, 


sup sup 

t€[0,l] /i#0 


l^t+hpt) abs i^t-Ptlabs 

h 


< 00 . 

BV 


It remains to examine the saltus. 


[£'t+hPt) sal {^'tPt') sal 


1 °° 

lx 

k =1 


Sk(t) 


Df t+h (f t k (c)) ff/ ‘ +h(/ *' ,(c)) Df t (f t k (c )) 


Sfc(f) 


k / „\\ H ft(fHc)) 


Si 


1 ( f Pt(c) Ptjc ) \ / Pt(c) 

+ h \ \\Df t + h (c—)\ \Dft+ h (c+)\ ) /t+i * (c) Vl-°/t(c-)| 


Me) \ 
p/t(c+)i; 


%(c) 


Let us analyze 5i. Notice that 


^ h ^ l D ftUt{c))^ Hft+hU * {c)) Hftiftk{c)) ) 

. }_ ST' ( S k(t ) _ Sk(t) \ 

hfriKDMfHc)) Df t (ft(c))) /t+h(/ * fc(c)) ‘ 

s. > 

<5n 


Note that 


Su 


5L 




fc=l 

oo 


1 


1 


< r £m«i 


fc=l 


DftMfHc)) Df t (f k (c )) 

- AM/ t fc (c))| 
lA/M (/t fe (c))-D/t (/* (c)) | 


H 


ft+h(fHc)) 


BV 


- \h\ 


i 




-l(a SJ D/ s (/ t fe ( c )))| s=eti 


h,,fc i y v \ — 


< K. 
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Hence, sup^ 


S 


11 


I BV 

i^t+h-Pt) sal ( 7 '-'tPt) sal 

h 

1 Skit) / 

~h^ DfAfHc)) V 


< oo. Therefore, 


1 

+ - 


h jL DfXfiic)) ~ H f ^^) + Sn 

( Pt(c) 


Pt(c) Pt{c) 


H 


ft+h{c) 


Pt{c 


h \\\Df t+h {c-)\ \Df t + h {c+)\, 

^ OO 

-^2 s k+ 1 {t) {H ft+h(f ^ c)) - +S U 


VI Df t (c-)\ \Df t (c+ )| 


H 


k =0 


1 ( Ptjc) 

h \\Df t+h (c—)\ | Df t (c-)\ 


Pt{c) 


H 


ft + h(c 


S 2 


+ 


1 ( Ptjc) 

h\\Df t+h (c+)\ \Df t (c+)\ 


Pt(c) 


H 


ft + h(c 


S 3 


We will analize only S 2 , the term S 3 is analogous. 


Hence, 


5 2 

< K _L 

1 

1 

bv 1 \h\ 

\Df t+h (c-)\ 

\Dft{c~)\ 


sup 

s 2 

< 00 and sup 

£3 

h^O 


BV h^t 0 



BV 


s > £ A 


< 00 . 


We can write 

Ct+hipt) ~ Ct{pt) 


= n 


t-\-h 


£-t+h{pt) £-tipt) 


— ttt+h{S) + n t+ h ( — + — + Sn + §2 + S3 


<S>h 


Therefore 


/ rhdm = 0 and sup sup \rh\ BV < 00 . 
te[o,i] 

This finishes the proof. 


Me) 


□ 


9. The function 7is not Lipschitz on any subset of positive measure 

We give two interesting and simple consequences of our main result. They tell us 
that, under the assumptions of our main result, the function IZ# is not very regular 
in any subset of the parameter space with positive Lebesgue measure. This show 
that there is not way to make TZ^ more regular using some "parameter exclusion" 
strategy. 
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Corollary 9.1. Under the same assumptions of our main result, for every set 
Cl C [a, b], with m(Cl) > 0, we have for almost every t £ Cl 


(109) 

lim sup ^ + ^ 

a^o+ hsj— log \h\ 

and 

(110) 


a->o+ hy/— log h 


In {t + h) = +oo 


In (t + h) = -oo, 


where In denotes the indicator function of Cl. 


Proof. Due Proposition 3.6, it is enough to prove Corollary 9.1 for good transversal 
families. We are going to prove that Eq. (109) holds for almost every t £ Cl. The 
proof that Eq. (110) holds for almost every t £ Cl is similar. 

If Eq. (109) fails for t in a subset of Cl with positive Lebesgue measure, then 
there exist Cl C fl, with m(Cl) > 0 and I\\ > 0 such that for every t £ Cl we have 


lim sup 
h —^0-|- 


7Z<t>{t + h) — TZ^ff) 
hyJ-\og\h\ 


ln(t + h) < I\\. 


Since f t is a good transversal family, by Lemma 3.7 we have that inf t |\H(t)| > 0 
and that 'L(f) does not changes signs on t £ [a, b ], so without loss of generality we 
can assume '!'(£) > 0 for every t £ [a,b\ and inf t ^(t) >0 (otherwise replace the 
family f t by /_t). So there exists K 2 > 0 such that 


lim sup 
h —^ 0 -|- 


TZ^ft + h) — 7Z^(t) 

*(t)h^To ii^r 


ln(i T h) < A 2 


for every t £ Cl. Then there exists ho > 0 and a set Sc fl with mfS) > 0 such 
that for every t £ S we have 


TZ^ft + h) — lZ^(t) 

*(t)h^l^\h\- 


ln(£ + h) < I \2 + 1 


for every h satisfying 0 < h < ho- Let t 0 £ (a, b) be a Lebesgue density point of S. 
Choose 6 > 0 such that 

V M {K 2 + l) + 5 < 1. 

Then for every e > 0 small enough, 

?!£^>XM* 2 + i) + J, 

m(I e ) 

where I e = [£q — e, to + e]. Let S e = S fl I e . It is a well-known fact that if 


S e - h = {t - h: t £ S e } 


then 

lim m(S e fl ( S e — h )) = m(S e ) > 0. 

h—t 0 

Note that for every t £ S e fl (S f — h), we have t,t + h £ S e G S G Cl, then 

TZ<t>(t + h) — TZ^it) 

- , = — A 2 + 1 

*(t)hy/-l0g\h\ ~ 

for every 0 < h < ho- In particular 















CLT for the modulus of continuity of averages of observables in transversal families 


55 


limsup —-—- 

0 + m(Ie) 


tei e 


K<t,(t + h)- 7 


log \h\ 


< I< 2 +1 


( 111 ) 


> i > V M {I< 2 + 1) + s. 


m(Ie) 


On the other hand the restriction of f t to the interval I e is a transversal family, 
then by Theorem 1.1 we obtain 


lim ——— m \t G I e : 
h->o+ m{Ie) \ 

= D M {K 2 + 1), 


TZ^(t + h)- IZ^ft) 


log \h\ 


< K 2 + 1 


which contradicts Eq.(lll). □ 

Proof of Corollary 1.2. It follows from Corollary 9.1. □ 


Remark 9.2. In Baladi and Smania [2][5] it is proven that for almost every t G [a, b] 
there exists a sequence h n —> 0 such that 

TZ<t>(t + h n ) — 7 Z^it) 
hn 

is not bounded. In particular is not a lipschitzian function on the whole interval 
[a, 6]. Naturally Corollaries 9.1 and 1.2 do not follow from this when is not an 
interval. 


Remark 9.3. Two weeks before this work be completed, Fabian Contreras sent 
us his Ph. D. Thesis [ | where he proves a result sharper than Corollary 9.1 when 
= [a, b\ and f> is a C 1 generic observable. He proves that for almost every t G [a, b] 
the limit 


( 112 ) 


lim 'R'&if + h) — 7 Z^ft) 

h^o+ h\J | log h log log | log h \| 


exists and it is non zero. Note again that Corollaries 9.1 and 1.2 do not seem to 
follow from his result when H is not an interval. As in our case, the main difficult is 
to reduce the problem to Schnellmann’s main result in [ ]. We are not completely 

familiar with his methods, but they seems to be quite different from our approach. 
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